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Chapter 1

Introduction
While decades of progress in mathematics and electronics have greatly increased
the range of problems that can actually be solved by computers, new and more
complex problems have emerged and are posing new challenges to the scientific
community. Problem size, while obviously not be the only factor that affects
the efficiency of an algorithm, still plays a major role. Other properties that
determine if a problem can be considered easy or hard are the problem type,
like linear, convex, integer, etc. . . , or simply the amount of computer resources
available, which is constantly changing. In light of such considerations, it is not
clear what “large scale” means in this context. For the purpose of this thesis,
when we talk about large scale problems, we will be referring to the size of
problems, of a particular class, that cannot be easily solved by the tools we can
use today, but that are nevertheless not so large to be clearly intractable without
a major breakthrough in mathematics or in computer engineering. We would
like to stress the importance of the problem type in this definition. While we
can solve some kind of linear problems with billions of variables and constraints,
some combinatorial problems which can be expressed with a few tens of variables
are still considered extremely difficult, if not simply unsolvable.
Covering all the techniques that are used to tackle large scale problems is
a topic so vast that must necessarily fall outside the scope of the thesis. It
is however safe to say that the methods used usually lie within one of three
approaches, that we will briefly summarize here, and we will describe in more
detail in the other chapters of this thesis.
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Large scale methods for convex programming
Let us consider problems where the objective function is convex and smooth,
and the feasible set is also convex and has a simple structure. In this case,
difficulties arise only where the number of variables is very high. One of the
simplest strategies that can be applied to solve such problems is to sequentially
solve a large number of smaller problems which are easy, if not trivial. This can
be easily done by an algorithm which selects, at every iteration, a small subset
of the variables, and solves the restricted problem that emerges from fixing all
the non selected variables to their current value. This class of approaches are
called decomposition methods, and can be classified by the way the variables
are chosen during the iterations, and by the type of step that is applied.
The question arises of whenever the chosen decomposition strategy converges
to the same points that we would have computed by solving the original problem.
It turns out that, while little or no assumptions are needed on the objective
function, strong assumptions are usually required for the structure of the feasible
set. This happens because the sequence of points generated by those algorithms
needs to be feasible. In fact it is easy to construct sets that have points in
which all feasible directions have nonzero values in every variable, so no step
can be taken from such point unless all the variables are allowed to be changed,
which defeats the purpose of decomposition in the first place. This also explains
in some way why no such assumption is required on the objective function.
Since the points generated by an algorithm are obviously not required to be
all optimal, there is no need to avoid situations like the one described above,
so no additional requirement must be imposed on the objective function. We
can imagine that, by introducing algorithms that do not require the sequence
of points to be all feasible, the restrictions on the feasible set structure could be
lifted, but such topic falls outside the scope of this thesis.
Applications where the decomposition can be applied are countless. Some
examples include image processing [12], control systems [25], neural networks
training [16], equilibrium problems [33] and SVM training [57]. The main contributions presented in this thesis are a rigorous analysis of the convergence properties of various decomposition strategies, and their application to the problem
of network equilibrium.
Chapter 3 will describe various decomposition strategies and their theoretical
properties. Section 3.2 of such chapter describes a previously known decomposition algorithm that can be used to solve SVM training problems, and partially
settles an open problem about its convergence. It is well known, in fact, that the
optimization problem involved in the training of SVM is convex and quadratic,
4
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and that the structure of its dual formulation allows for some decomposition
methods to be successfully applied.
Chapter 4 explains how some decomposition algorithms can be used to solve
the network equilibrium problem, a situation that emerges from game theory,
where a set of users travel on a graph whose arc costs depend on the number of
users that are using it, allowing congestion situations to be accounted for in the
model. As we will see, the straightforward way to model such problem is not fit
to be decomposed, but a reformulation can be applied which greatly simplifies
the constraint structure of the problem, which becomes a Cartesian product of
simplices, at the cost of having a number of variables that scales to the number
of possible paths in the graph, which is clearly too high to even fit in memory,
so decomposition methods can be used not only to speed up the convergence
rate, but also to avoid the need of actually storing all such values.

Continuous global optimization methods for large
scale nonlinear mixed integer problems
Problems with integrality constraints are usually extremely more difficult to
solve than continuous problems of the same size. Because of this, they are considered difficult (and so “large scale”) even if the number of variables is not
extremely high. The techniques that can be used to tackle such problem are
countless. Since obviously no single strategy exists that can be successfully
applied to such wide range of problems, we will focus on describing some reformulations and the algorithms that can be used to solve them. As we will see
later, it will be sometimes possible to fix a large number of variables to zero
while keeping the algorithm behaviour unchanged. This cannot be done at every iteration, but nevertheless this technique, while not as powerful as the ones
used for convex problems, can still be applied to great benefit.
It is well known that some mixed integer problems can be reformulated into
continuous equivalent problems [73] [75] [76]. Even with the integer constraints
removed, the problems are still hard to solve exactly, because of the high number
of local minima introduced by the concavity of the objective function. However,
by carefully choosing the local optimization algorithm, we can prove that many
of variables can be fixed to zero without affecting the convergence of the algorithm. Such number of variables increases at every iteration, but is however
equal to zero in the first one. Then, at the expense of still having to compute
one step of the algorithm with the full set of variables, subsequent iterations
can be applied to a problem whose size has been greatly reduced, so that in the
5
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end only the very first iterations are relevant when measuring the CPU time.
The main contribution for this class of problems in this thesis is presented
in chapter 5, where such methods are described in detail and are applied to a
problem arising in finance. Many of the results of this chapter are taken from
[29]. An investor wishes to distribute a given capital to a number of assets. We
are assuming that the mean return and the variance are known for every such
stock. Being the user risk adverse, he wishes to minimize the total variance of the
portfolio while keeping a minimum average return. Such problem was proposed
by Markowitz [62], it is well known in the finance community, and easy to solve.
However optimal solutions on real world data usually tend, in order to minimize
the variance, to split the capital into a number of assets which is too high for
the solution to have any practical sense. To mitigate this problem, we can put
a bound on the number of stocks that can be purchased, but in doing so integer
variables are introduced, which render the problem NP–hard. Nevertheless, we
will see that the technique previously described can be applied to render the
problem easier to solve.

Large scale methods for nonconvex programming
In cases where the objective function and the constraints are non convex, the
main difficulty in solving the problem arises from the high number of local minima which are not global. Because of this, the size where those problems are
considered difficult is much smaller with respect to the other previously mentioned classes. In fact, sometimes the problem bounds are either so complex
that no simple way to handle them can be found, or are simply unknown, like in
black–box functions. Taking this into account, sometimes we must give up on
trying to find a certified optimum, and use an heuristic approach to find good
enough solutions. Typical application arise in engineering, when the objective
function and the constraints are computed through a simulation, or another
iterative algorithms, and cannot be expressed in a closed form. Furthermore,
even if such functions are smooth, the gradient is usually not available or too
expensive to be actually computed. Heuristics algorithms rely on the assumption that, while unknown to us, such problems have some kind of structure, so
that good solutions are in some way close to each other, and this allows the
design of algorithms that are better than a sequence of local optimization from
random starting points.
The main contribution to this field presented in this thesis is described in
chapter 6, with an application related to spacecraft trajectory optimization.

6
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Much of the work described here has been published in [93] and [94]. The problem consists in designing the trajectory of a spacecraft that leaves Earth and
reaches a given planetary destination with the least possible amount of fuel.
The physical equations that govern the motion of the body in the Solar system
are strongly nonlinear, and the problem becomes difficult to solve because of
the number of local minimizers that are not global. On the other hand, mission
designers are not interested in the (nearly impossible) task of finding a certified
optimal point, but just in finding good enough solutions, so heuristic approaches
can be used. Automatic trajectory design has already been studied [66] [47] [17]
[1], however no such analysis has been done for low–thrust missions. In standard missions there is no explicit constraint on the maximum engine power,
and the optimal solutions usually resulted in the engine being lighted in only
a few points in the trajectory, using all the available fuel in a very short time.
In low–thrust missions, because of a different type of engine, such solution are
unfeasible because the engine power is very low with respect to chemically propelled spacecrafts, the advantage being that the engine can stay on for a very
long time, even months, with a very small total fuel usage.
After having written the model, we will analyze various algorithms that can
be used to solve it, and describe the solutions that have been found.

1.1

Notation

The n-dimensional space of Real, Rational and Integer numbers are denoted
by Rn , Qn and Zn . The plus subscript, like in Rn+ , restrict the set to the
nonnegative numbers.
Vectors are usually denoted by lower case letters, and will always be considered
column vectors. We write x0 to transpose the vector (or matrix) x. We use the
subscript notation xi to refer to the i-th value of the vector x. Indexes start
from the number one. A matrix A ∈ Rn×m will have n rows and m columns.
The symbol I(n) represents the n by n identity matrix, and will be often written

as I, since the dimension can be easily inferred from the context. Similarly, the
symbol e(n) represents a vector of ones of dimension n, and will often be written
as e, since the n can be easily deduced.
Since we are dealing with decomposition, we require a notation to extract
the i-th subvector of a given vector x. To that end, we enclose the subscript
inside a parenthesis. So, x(i) is the i-th subvector of the vector x. The exact
variables that constitute the beginning and ending of the i-th subvector can be
inferred from the context, usually in the definition of x. Similarly, x(i) j is the
7
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j-th variable of the i-th subvector of x.
We also define an operation that is, in some way, the inverse of x(i) . Given a
vector x, and a subvector y which belongs to the i-th subvector space of x, we
can write x = y(−i) if x is equal to y for the variables belonging to the i-th
block, and all the other values are equal to zero. Formally

y(−i) j =

If easily follows that y(−i)


(i)


yj
0

if j ∈ i
if j ∈
/i

= y, but in general x(i)


(−i)

6= x.

Superscripts are used instead to refer to an element of a sequence, so xk may
represent the k-th element of a previously defined sequence, or the value taken
by x at the k-th step of an algorithm.
To denote the p-th norm of the vector x, we write kxkp . If no p is specified,

then the 2-norm is used. Although is not a norm, we will use kxk0 to refer to

the so called zero norm of x, the number of components of x which are different
from zero.
Curly brackets are used, depending on the context, to represent both sets and
sequences. |S| denotes the cardinality of the set S. For any set S, 2S is used to

represent the set of subsets of S. Obviously 2S = 2|S| .

Usually, but this is not an hard rule, the star suffix, like x∗ , is used to define
the optimal value of a problem, while a bar, like in x̄, defines the limit value of
a sequence or algorithm.
The operation x mod y denotes as usual the reminder of the integer division
between x and y. Since we are adhering to the commonly used convention that
vector indexes start from 1 instead of 0, it is useful to define a “base 1” modulus
operator, denoted by mod +1 and defined as
x mod +1 y = ((x − 1) mod y) + 1
such that 1 mod +1 5 = 1, 1 mod +1 2 = 2, . . . , 5 mod +1 5 = 5, 6 mod +1 5 = 1, . . ..
A function f : X → R will be called smooth if it is continuously differentiable

everywhere on X .

A function δ : R+ → R+ is a forcing function if for every sequence {xk } ⊂ R

such that

lim δ(xk ) = 0

k→∞

it also holds
lim xk = 0

k→∞

8
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Algorithms for problems
with simple convex feasible
sets
This chapter will introduce the Frank-Wolfe and Projected Gradient algorithms,
and describe some properties that will become useful for the following chapters
of the thesis. As we will see later on many methods, including the ones based
on decomposition, require a procedure that generates a new point, or at least a
feasible descent direction. The main reason why those algorithms are so widely
used are that
• They are able to compute an improvement over a given initial point
• They are not expensive with regard to CPU resources
• They have nice convergence properties
On the downside, in cases where an exact solution is needed, such algorithms
must applied for an high number of iterations, until convergence, and thus become too expensive to actually be used. However we will show that, in particular
when dealing with decomposition methods, there is no need to compute an accurate solution at every iteration, but inexact solutions can be used as well,
with a significant saving in computational times.
As a final note, those two algorithms require the feasible sets to be convex.
However, as a practical additional requirement, the sets must also be, in some
way, “simple”. This happens because in both methods a second optimization
problem, dependent on the feasible set, must be solved. If the constraints are
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simple, the subproblems can be solved, if not analytically, at least in a trivial
way. If, on the other way, the constraints are complex, the computational time
required to solve the subproblems can render the whole algorithm too slow to
have any practical value.

2.1

Frank-Wolfe direction

Let C ⊂ Rn be a convex compact set, and let f (x) : C → R be a smooth function.
For convenience, we will define F WC : C → Rn as a function which satisfies
F WC (x) ∈ arg min ∇f (x)0 (y − x)

(2.1)

y∈C

Similarly, we will define function F W C : C → R as
F W C (x) = − min ∇f (x)0 (y − x)

(2.2)

y∈C

The subscript C might be omitted if it is clear from the context. The following
theorems state some properties of such functions, which will be used later

Theorem 2.1. If ∇f (x)0 (F W (x) − x) = 0, then x satisfies the first order
optimality conditions of problem

min f (x)
x∈C

Proof. Consider the optimization problem in equation (2.1). y = x is always a
feasible solution of such problem, with an objective function value of 0. Because
of the hypothesis, such solution is also optimal, so we can write
x ∈ arg min ∇f (x)0 (y − x)
y∈C

which is a first order optimality condition.
Theorem 2.2. Function F W (x) is continuous.
Proof. We can write
F W (x) = − min (∇f (x)0 y − ∇f (x)0 x) = ∇f (x)0 x − min ∇f (x)0 y
y∈C

y∈C

The first term is obviously continuous. To prove that − miny∈C ∇f (x)0 y is
continuous it is sufficient to prove that the function h(c) = miny∈C c0 y is concave,

as concavity on Rn implies continuity, and the composition of two continuous
10
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functions – that is, h(∇f (x)) in our case – is continuous.
Let c1 , c2 ∈ Rn , and let λ ∈ [0, 1]. Then
h(λc1 + (1 − λ)c2 ) = min [λc01 y + (1 − λ)c02 y] ≥
y∈C

≥

min

y1 ∈C,y2 ∈C

[λc01 y1 + (1 − λ)c02 y2 ] =

= λ min c01 y1 + (1 − λ) min c02 y2 = λh(c1 ) + (1 − λ)h(c2 )
y1 ∈C

y2 ∈C

0

Theorem 2.3. Function ∇f (x) F W (x) is continuous.
Proof. Trivially, it holds
∇f (x)0 F W (x) =



min ∇f (x)0 (y − x) + ∇f (x)0 x = −F W (x) + ∇f (x)0 x
y∈C

which is continuous by theorem 2.2.

2.2

Frank-Wolfe algorithm

The Frank-Wolfe algorithm [35], also called Conditional Gradient method, is a
widely used convergent optimization method which, together with the Armijo
linesearch, can be used to solve general optimization problems of the form
min f (x)

(2.3)

x∈C
where f : Rn → R is a smooth function and C ⊂ Rn is a convex compact set.

Algorithm 1 describes such procedure. Its convergence results are well known.
Algorithm 1: Frank-Wolfe method
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
x̂k ← F W (xk );
4
dk ← x̂k − xk ;
5
αk ← Armijo linesearch along dk ;
6
xk+1 ← xk + αk dk ;
7
k ← k + 1;
8 end

Theorem 2.4. Any limit point of algorithm 1 is a first order stationary point
of problem (2.3).
11
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Proof. See [7, p. 217].

2.3

Projection

We will first recall some known results about the projection operation. Let
x ∈ Rn , and let C ⊆ Rn be a closed convex nonempty set. The projection of x
over C is denoted as PC [x] and is defined as

PC [x] = arg min kx − yk
y∈C

(2.4)

The following theorem ensures that PC [x] is well defined
Theorem 2.5. Let x ∈ Rn , and let C ⊆ Rn be a closed convex nonempty set.
Then the solution to equation (2.4) exists and is unique. Also, x? solves problem
(2.4) if and only if
(y − x? )0 (x − x? ) ≤ 0

∀y ∈ C

(2.5)

Furthermore, the function f : Rn → C defined as f (x) = PC [x] is continuous
and non expansive, i.e.

kf (x) − f (y)k ≤ kx − yk

∀x, y ∈ Rn

Proof. See [7, Proposition B.11, page 685].
The following theorem shows how the projection operation can be used to
compute a feasible descent direction
Theorem 2.6. Let C : Rn → R be a convex compact set, and let f : C → R be
a smooth function. Let x ∈ C, s ∈ R and

d = PC [x − s∇f (x)] − x
Then either d = 0 or d is a feasible descent direction at x.
Proof. From equation (2.5), by choosing y = x we have
(x − (x + d))0 ((x − s∇f (x)) − (x + d)) ≤ 0
or
d0 (s∇f (x) + d) ≤ 0
sd0 ∇f (x) ≤ −kdk ≤ 0
12
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which implies the thesis.
It should be noted that the projection over the gradient direction can be
used to check for optimality of a point. In particular
Theorem 2.7. Let f : Rn → R be a smooth function and let C ⊆ Rn be a
convex set. Let s > 0. Then x? is a first order optimality condition of f over C
if and only if

PC [x − s∇f (x)] = x
Proof. See [7, cap. 2.3.1].

2.4

Projected Gradient algorithm

The Projected Gradient algorithm is a general optimization algorithm that under mild assumptions converges to a first order stationary point. It consists
of a sequence of Armijo linesearches along the direction given by the gradient
projected into the feasible set.
Let f : Rn → R be a smooth function, and let C be a nonempty convex

set. Let {sk } be any sequence such that there exists 0 < l ≤ u such that
l ≤ sk ≤ u. Algorithm 2 describes the Projected Gradient method.

The

Algorithm 2: Projected Gradient
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
x̂k ← PC [xk − sk ∇f (xk )];
4
dk ← x̂k − xk ;
5
αk ← Armijo linesearch along dk ;
6
xk+1 ← xk + αk dk ;
7
k ← k + 1;
8 end

convergence properties of algorithm 2 are well known.
Theorem 2.8. Any limit point of algorithm 2 is a first order stationary point
of problem (2.3).
Proof. See [7, cap. 2.3].

13
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2.5

Relationship between the Frank-Wolfe and
Projected Gradient algorithms

2.5.1

Impact of the parameter s

As previously described, the Projected Gradient algorithm depends on the sequence {sk }, which is used to scale the gradient value. We will show that the

Frank-Wolfe algorithm can be seen as an extension of the gradient method, as

it produces at every iteration k the same descent direction as the gradient projection method when the parameter sk equals infinity. Formally, at each step of
the algorithm, we consider the set of directions that are computed by the Frank
Wolfe algorithm. In the general case such set contains more than one element,
as the Frank Wolfe solution is obtained by solving an optimization problem that
does not guaranties to generate an unique result. We also consider, at each step,
the direction computed by the gradient projection method as a function of the
parameter sk . We will prove that, as sk goes to infinity, every limit point of such
function generates a vector that belongs to the set of Frank Wolfe directions.
Furthermore, if the feasible set is a polytope, we will prove that such property
also holds for a finite value of sk .
Equivalence proof
We will prove that, at each iteration, any limit point computed by the gradient
projection method, as s goes to infinity, is also a Frank-Wolfe solution. Since the
only difference between the two algorithms lies in the method used to generate
the point x̂k , which can be easily seen from algorithms 1 and 2, it is sufficient
to prove that the limit points for s going to infinity of problem
min kx − s∇f (x) − yk
y

(2.6)

y∈C
also solve problem
min y 0 ∇f (x)
y

(2.7)

y∈C
Without additional assumptions, more than one limit point may exist, and we
will prove that all of them are Frank-Wolfe points, i.e. solve problem (2.7).
Theorem 2.9. Let C ⊂ Rn be a convex compact set. Let x, d ∈ Rn . For any

14
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s > 0, let
PC [x − sd] = arg min ky − (x − sd)k
y∈C

(2.8)

Let {sj } be a sequence such that sj > 0 and
lim sj = ∞

j→∞

Let ȳ be an accumulation point of sequence {PC [x − sj d]} as j goes to infinity.
Then

ȳ ∈ arg min d0 (y − x)
y∈C

Proof. Consider
PC [x − sd] =
= arg min ky − (x − sd)k =
y∈C

2

= arg min k(y − x) + sdk =
y∈C
n
o
2
2
= arg min ky − xk + 2sd0 (y − x) + ksdk =
y∈C
n
o
2
= arg min ky − xk + 2sd0 (y − x) =
y∈C
)
(
2
ky − xk
0
+ d (y − x)
= arg min
y∈C
2s

(2.9)

Since C is a compact set, given any fixed x ∈ R, it holds that for every y ∈ C,
the value ky − xk is bounded by a constant Bx . We can write for every s > 0
2

ky − xk
+ d0 (y − x) ≤
y∈C
2s
B2
≤ min x + d0 (y − x) =
y∈C 2s
B2
= x + min d0 (y − x)
y∈C
2s

min d0 (y − x) ≤ min
y∈C

Then it must hold
2

lim min

s→∞ y∈C

ky − xk
+ d0 (y − x) = min d0 (y − x)
y∈C
2s

15
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It trivially holds, for every s > 0
d0 (PC [x − sd] − x) ≤
2

≤

kPC [x − sd] − xk
+ d0 (PC [x − sd] − x)
2s

Consider

(2.11)

2

φ(y) =

ky − xk
+ d0 (y − x)
2s

By definition of the arg min operator, it holds
φ(arg min φ(y)) = min φ(y)
Then using equations (2.11) and (2.9) we can write
2

d0 (PC [x − sd] − x) ≤ min
y∈C

ky − xk
+ d0 (y − x)
2s

(2.12)

Let J ⊆ N be an infinite set such that
lim PC [x − sj d] = ȳ

(2.13)

j→∞
j∈J

Taking the limit of equation (2.12) we can write
2

ky − xk
lim d0 PC [x − sj d] − x ≤ lim min
+ d0 (y − x)
j→∞ y∈C
j→∞
2sj
j∈J

j∈J

Note that the left hand side limit must exist, as PC [x − sj d] converges to ȳ.

The right hand side limit must exist because such function is bounded and non
increasing as sj goes to infinity. Then




2

d0  lim PC [x − sj d] − x ≤ lim min
j→∞
j∈J

j→∞ y∈C
j∈J

ky − xk
+ d0 (y − x)
2sj

By equations (2.13) and (2.10)
d0 (ȳ − x) ≤ min d0 (y − x)
y∈C

which implies that
ȳ ∈ arg min d0 (y − x)
y∈C

16
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Optimization over a polytope
We will derive a stronger result that holds if the feasible set C is a polytope.
Theorem 2.10. Let C ⊂ Rn be a polytope, defined as {x : Ax ≤ b} for some
A ∈ Rn×l and b ∈ Rn . Let x ∈ Rn , d ∈ Rn . Consider function p : R → Rn

defined as

p(s) = PAx≤b [x − sd]
Then
(i) The image of p for s ≥ 0 is a piecewise linear curve, i.e. there exist
s1 , . . . , sm−1 ∈ R, α1 , . . . , αm ∈ Rn , and β1 , . . . , βm ∈ Rn such that



α1 s + β1







α2 s + β2

..
p(s) =
.





αm−1 s + βm−1





αm s + βm

if s ∈ [0, s1 )
if s ∈ [s1 , s2 )
if s ∈ [sm−2 , sm−1 )
if s ∈ [sm−1 , ∞)

and such that for every i, αi si + βi = αi+1 si + βi+1 .
(ii) For every s ≥ sm−1 , it holds
p(s) ∈ arg min d0 (y − x)
y∈C

Sketch of proof
In order to prove the first point of the theorem, we will first write the optimality
condition for the minimization problem which defines the projection operation.
We will see that, inside each interval (si−1 , si ), all the equations that describe
the optimality conditions are linear. Then the image of the projection for s ∈

(si−1 , si ) is an open segment. Since the projection operation is also continuous,
then the image of p(s) must be a continuous chain of segments, i.e. a piecewise
linear curve. Finally, we will note that the vector αm must be equal to zero,
otherwise p(s) would be unbounded as s goes to infinity, which is not possible
since the feasible set is a compact. This implies that p(s) is constant for s ≥
sm−1 . Then using theorem 2.9 we can prove the second point of the theorem.

An example of p(s) is displayed in figure 2.1.
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x = p(0)

C

p(s2 ) = p(s3 )
p(s4 ) = p(∞)

Figure 2.1: Projections on a polyhedral set C as a function of s. The horizontal line
represents x+sd for s ∈ [0, ∞). The thicker piecewise linear curve represents the image
of p for s ∈ [0, ∞). Note that for each segment (p(si ), p(si+1 )), as will be proved later,
all the points contained in such interval have the same active constraints. In this
example α3 = 0, as p(s2 ) = p(s3 ).

Actual proof
We will first present three theorems that will be used in the proof.
Theorem 2.11. Consider
2

minn

z∈R

kzk
+ c0 z
2

(2.14)

Az ≤ b
Then, z solves problem (2.14) if and only if there exist u ∈ Rn such that
z + A0 u + c = 0
u≥0
Az ≤ b

(Ai z − bi )0 ui = 0

∀i

Proof. Can be easily derived from the KKT conditions.
Theorem 2.12. Consider the following optimization problem, depending on the
parameter s
2

minn

z∈R

kzk
+ sd01 z + d02 z
2
Ax ≤ b
18

(2.15)
(2.16)
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Let s1 ≥ 0 and s2 ≥ s1 . For any given s, let (z s , us ) satisfy the optimality
conditions expressed in theorem 2.11. Let

Z s ≡ {i : Ai zis − bi = 0}
U s ≡ {i : usi = 0}
Then, if Z s1 = Z s2 and U s1 = U s2 , it holds
(i) For all θ ∈ [0, 1], let sθ = θs1 + (1 − θ)s2 . Then
z sθ = θz s1 + (1 − θ)z s2
and
usθ = θus1 + (1 − θ)us2
(ii) For all s ∈ [s1 , s2 ], Z s = Z s1 = Z s2 and U s = U s1 = U s2 .
Proof. According to theorem 2.11, the optimality conditions are
z + A0 u + sd1 + d2 = 0

(2.17)

u≥0

(2.18)

Az ≤ b

(2.19)

0

(Ai z − bi ) ui = 0 ∀i

(2.20)

We will prove the first point by showing that z sθ and usθ satisfy equations (2.17)
– (2.20). The set of all (z, u, s) which satisfies equations (2.17) – (2.19) is convex,
so any convex combination of feasible values (z s1 , us1 , s1 ) and (z s2 , us2 , s2 ) is
feasible. We will show that also equation (2.20) holds. Suppose Ai zis1 − bi = 0.
Then, since Z s1 = Z s2 , also Ai zis2 − bi = 0. Then
Ai (θzis1 + (1 − θ)zis2 ) − bi =

= θAi zis1 + (1 − θ)Ai zis2 − θbi − (1 − θ)bi =

= θ (Ai zis1 − bi ) + (1 − θ) (Ai zis2 − bi ) = 0

Suppose on the other hand that Ai zis1 − bi 6= 0. Then it must hold usi 1 = 0 and,

since U s1 = U s2 , also usi 2 = 0. Then

θusi 1 + (1 − θ)usi 2 = 0
In both cases, equation (2.20) holds. This also proves the second point of the
19
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theorem.
Theorem 2.13. Let {C1 , C2 , . . . , Cm }, with Ci ⊆ [0, ∞), be a finite number of
convex sets that is also a partition of the set [0, ∞). Let int(Ci ) be the interior
of Ci . Then there exists m + 1 ordered values {s0 , . . . , sm } ⊂ R ∪ {∞}, with

s0 = 0 and sm = ∞, such that for every interval (si−1 , si ) it exists a j such that
(si−1 , si ) ≡ int(Cj )
Proof. Since Ci is convex, its interior can be expressed as an open interval (li , ui )

with li ≤ ui . For any i and j, since Ci and Cj are disjoint, so are (li , ui ) and

(lj , uj ). Then, for every i and j, either any point of (li , ui ) is lesser than any
point of (lj , uj ), or the other way around. Without loss of generality, and with a
slight abuse of notation, we can assume that (li , ui ) < (li+1 , ui+1 ). In order for
the sets to be disjoint, it must hold ui ≤ li+1 . We will show that it must hold

ui = li+1 . Suppose by contradiction that ui < li+1 . Then it exists x ∈ (ui , li+1 ).

It must hold x ∈ Cj for some j. As x > ui and x < li+1 , it must hold j 6= i and

j 6= i + 1. Then we can write (li , ui ) < (lj , uj ) < (li+1 , ui+1 ), and this implies
i < j < i + 1, a contradiction. Then ui = li+1 , and the theorem holds with

si = li = ui−1 .
We can now prove theorem 2.10
Theorem 2.10. Let C ⊂ Rn be a polytope, defined as {x : Ax ≤ b} for some
A ∈ Rn×l and b ∈ Rn . Let x ∈ Rn , d ∈ Rn . Consider function p : R → Rn
defined as

p(s) = PAx≤b [x − sd]
Then
(i) The image of p for s ≥ 0 is a piecewise linear curve, i.e. there exist
s1 , . . . , sm−1 ∈ R, α1 , . . . , αm ∈ Rn , and β1 , . . . , βm ∈ Rn such that



α1 s + β1







α2 s + β2

..
p(s) =
.





αm−1 s + βm−1





αm s + βm

if s ∈ [0, s1 )
if s ∈ [s1 , s2 )
if s ∈ [sm−2 , sm−1 )
if s ∈ [sm−1 , ∞)

and such that for every i, αi si + βi = αi+1 si + βi+1 .
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(ii) For every s ≥ sm−1 , it holds
p(s) ∈ arg min d0 (y − x)
y∈C

Proof. We can write PAx≤b [x − sd] in the form described in theorem 2.12
PAx≤b [x − sd] =
)
(
2
ky − xk
0
+ d (y − x) =
= arg min
y∈C
2s
)
(
2
2
kxk
kyk
+
− x0 y + sd0 (y − x) =
= arg min
y∈C
2
2
(
)
2
kyk
0
0
0
= arg min
+ sd y − x y − sd x =
y∈C
2
(
)
2
kyk
= arg min
+ sd0 y − x0 y
y∈C
2
Consider the set [0, ∞). For a given value of (Z̄, Ū ), as defined in theorem 2.12,
let I (Z̄,Ū ) be the subset of [0, ∞) such that, for every s ∈ I (Z̄,Ū ) , (Z s , U s ) =
(Z̄, Ū ). Since the number of different values for (Z, U ) is finite, there exist only

a finite number of sets I (Z,U ) , and such sets are a partition of the set [0, ∞).

Because of the second point of theorem 2.12, such sets are convex subsets of
[0, ∞). Then, because of theorem 2.13, there exist an ordered set {s0 , s1 , . . . , sm }

with s0 = 0 and sm = ∞, such that for every i and sα , sβ ∈ (si−1 , si ),

(Z sα , U sα ) = (Z sβ , U sβ ). Because of the first point of theorem 2.12, in each

interval (si−1 , si ), z s is linear with respect to s. Then there exists αi ∈ Rn and

βi ∈ Rn such that, for every s ∈ (si−1 , si ) it holds
z s = αi s + βi

Also, since the projection is a continuous function with respect to s, it must
hold
αi si + βi = αi+1 si + βi+1
Finally, it must hold αm = 0, otherwise we can write for every s ∈ (sm−1 , sm =
∞)

z s = αi s + βi

21
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and the feasible set Ax ≤ b would be unbounded. Then, for every ŝ ≥ sm−1
p(sm−1 ) = p(ŝ) = lim p(s)
s→∞

and theorem 2.9 implies the thesis.

2.5.2

Similarities between the optimality conditions

We will present here some results that will be used in chapter 3. Let C ⊂ Rn be

a convex compact set, let f : C → R be a smooth function. Consider problem
min f (x)

(2.21)

x∈C

We recall function (2.2), which we will rewrite here for convenience
F W (x) = − min (∇f (x)0 y − ∇f (x)0 x) = ∇f (x)0 x − min ∇f (x)0 y
y∈C

y∈C

and define function Ψ : Rn → R which returns the norm of the projected

gradient direction

Ψ(x) = kPC [x − ∇f (x)] − xk
We are assuming for the moment that s = 1 in the definition of Ψ but, as we
will see in corollary 2.15, the reasoning holds for any value of s.
Theorem 2.14. There exists a forcing function δ : R+ → R+ such that
δ(Ψ(x)) ≤ F W (x)

(2.22)

Proof. Consider
δ(α) =

min
y∈C:Ψ(y)=α

F W (y)

Obviously equation (2.22) holds for such a function as, for any x and α = Ψ(y),
y = x is a feasible solution of the minimization problem. To verify that δ is a
forcing function, suppose there exists a sequence {αk } such that limk→∞ δ(αk ) =
0. Then it exists a sequence {y k } which satisfies
Ψ(y k ) = αk

(2.23)

so that
lim F W (y k ) = 0

k→∞

Let y ∗ be any accumulation point of such sequence. By theorem 2.2, F W is
22
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continuous so it holds F W (y ∗ ) = 0. Then, by theorem 2.1, y ∗ is a first order
stationary point of problem (2.21) and, because of theorem 2.7, it also holds
Ψ(y ∗ ) = 0. Since Ψ is continuous, it also holds
lim Ψ(y k ) = 0

k→∞

and, by equation (2.23), we can write
lim αk = 0

k→∞

Such theorem can be easily generalized to a wide class of functions
Corollary 2.15. Consider problem 2.21. Let α : Rn → R and β : Rn → R be
two functions such that

(i) α and β are continuous
(ii) α(x) = β(x) = 0 if and only if x is a first order stationary point of problem
2.21
Then, there exists a forcing function δ : R+ → R+ such that
δ(α(x)) ≤ β(x)
Proof. We can follow the proof of theorem 2.14, as the only properties of Ψ
and F W that are actually used in the proof are conditions (i) and (ii) of this
corollary.
Then we can see that also the following theorem holds
Theorem 2.16. There exists a forcing function δ : R+ → R+ such that
δ(F W (x)) ≤ Ψ(x)

(2.24)

Proof. Directly follows from corollary 2.15.

2.6

Rosen’s Projected Gradient method

J.B. Rosen proposed an algorithm [77], similar to the Projected Gradient method,
for problems with linear constraints. Given a smooth function f : R → Rn , an

m by n matrix A and a vector b ∈ Rn , consider a problem expressed in the
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following form
max f (x)

x∈Rn

(2.25)

Ax ≥ b
Algorithm 3 describes Rosen’s Projected Gradient method.
Algorithm 3: Rosen’s Projected Gradient
Data: A feasible point x0
1 k ← 0;
2 repeat
J k ← {j : A0j xj = bj };
3
−1 −1
rk ← A0J k AJ k
AJ k ∇J k f (xk );
4
k
k
5
m ← maxi {ri };
−1 −1
P k ← I − AJ k A0J k AJ k
AJ k ;
6
k
7
if P k ∇f (xk ) = 0 and rm
k ≤ 0 then
8
STOP;
9
end
k
10
if P k ∇f (xk ) > crm
k then
k
k
k
11
d ← P ∇f (x );
12
else
13
Jˆk ← J k \ mk ;

−1
k
0
P̂
←
I
−
A
A
A
A−1
;
k
k
ˆ
ˆ
14
J
Jˆk J
Jˆk
15
16
17
18
19
20

dk ← P̂ k ∇f (xk );
end
αk ← Armijo linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
until STOP instruction not reached ;

Matrix P k computes the projection over the hyperspace defined by A0j xj = bj
for every j ∈ J k . This projection is applied to the gradient direction, unless

by line 10 the gradient is, in some way, strongly oriented towards the interior
of the feasible set. In that case, we project over a wider hyperspace by using
P̂ k , which does not restrict variable mk . Finally, at every iteration, an Armijo
linesearch is used to compute a feasible step along direction dk .
In [77], Rosen presents a convergence proof of the algorithm, to a maximizer
of f (x), under the assumption that such function is concave. However there
is a subtle error in such proof. On page 197, the value δ is defined such that
λi (x0 ) ≥ δ > 0. δ is a step length that the algorithm is able to take at every

iteration without violating feasibility, and it is used in equation (4.36), which
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states
(

"

k

ψ = max min

P gk
4γ

2

δ P gk
,
2

#

(ρk )2 δρk
, min
, √
16γγv 4 γv


)

Rosen then proves that limk→∞ ρk = 0, from which he deduces that also
limk→∞ P g k

= 0 and limk→∞ ρk = 0, which are used to imply the con-

vergence of the algorithm. However the value δ is not guaranteed to exist, as
the sequence λi (xk ) could converge to zero as k goes to infinity. Then, to be
formally correct, we should use δ k instead of δ, because this value can only be
defined relative to iteration k. Equation (4.36) should be written as
(
ψ k = max min

"

P gk
4γ

2

δk P gk
,
2

#

(ρk )2 δ k ρk
, min
, √
16γγv 4 γv


)

from which we can only deduce that either limk→∞ P g k = 0 and limk→∞ ρk =
0, or limk→∞ δ k = 0, and this prevents us from proving the convergence. If
the values δ k converge to zero, it means that at every iteration, the maximum
feasible step that can be taken is too small to guarantee a large enough reduction
of the objective function.
Years later, Du and Zhang proved [31] the convergence of the Rosen algorithm to a first order stationary point, without using the concavity assumption.
If the problem structure allows it, Rosen’s method can naturally lead to
a column generation strategy. In fact, many of the algorithms that we will
examine in chapter 4 strongly resemble Rosen’s algorithm, the main difference
being that a new variable is potentially added in the set of free variables at
every iteration, while in algorithm 3 this does not always happen. In particular,
it is like if the parameter c in line 10 is so high that the comparison is always
false, so lines 13–15 are executed at every iteration.
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Chapter 3

Inexact decomposition
methods for constrained
optimization
Decomposition is the process of solving a large optimization problem by sequentially solving many smaller size problems, obtained by fixing at every iteration
a subset of the variables and allowing the solver to modify only the unfixed
variables, which we will call the working set.
Subproblems generated by a decomposition algorithm can be solved either
exactly or inexactly. In this thesis, we will consider decomposition methods
where the subproblems are solved inexactly, meaning that usually only one
iteration of the solving algorithm is performed.
The main difference between the various decomposition strategies in inexact
decomposition algorithms lies in the way the working set is selected at every
iteration. In general this strongly depends on the structure of the problem, and
often also on the current point.
Strategies can be divided into two main groups
• In Gauss-Seidel based decomposition algorithms, the order in which the

variables are selected is predetermined, and does not depend on the current
point.

• In Gauss-Southwell based decomposition algorithms, the working set is
recomputed at every iteration, and depends on the current point. In

general the selected variables are the ones that, in some way, mostly violate
some optimality condition.
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CONSTRAINED OPTIMIZATION

Many algorithms based on those ideas have been studied. Patriksson [71]
proposes some convergent algorithms for parallel algorithms based on the GaussSeidel exact decomposition method. Grippo et al. [42] analyzed the convergence
properties of unconstrained Gauss-Seidel decomposition. In [82] Tseng proposes
an Gauss-Seidel algorithm for constrained optimization. Bonettini et al. [12]
used an inexact Gauss-Seidel algorithm to solve problems related to image processing. Grippo et al. [43] reviewed some exact decomposition methods. Chen
et al. [19] proposed an application to decomposition methods for variational
inequalities, which was later extended by Tseng [83] and Solodov [80]. Luo
[60] studied the convergence of some Gauss-Southwell approaches for convex
problems.

3.1

Separable feasible set

The problem structure determines the decomposition algorithms that can and
cannot be used. One of the simplest case happens when the feasible set can be
expressed as a Cartesian product of other sets. Let X1 ⊆ Rn1 , X2 ⊆ Rn2 , . . . , Xm ⊆
Pm
Rnm , let n = i=0 ni , and let the feasible set X ∈ Rn be defined as
X ≡

m
Y
i=1

Xi

Let f : Rn → R, and consider the problem
min f (x)

x∈Rn

(3.1)
x∈X

Instead of solving directly problem 3.1 an algorithm can solve, at every iteration
k only a subproblem in a space which is a subset of {X1 , . . . , Xm }, which we

will call a working set and denote by W k . The general scheme is described in

algorithm 4.
In this section, we will describe some common choices for lines 3 and 4. We
will refer to the literature for the cases already analyzed by other authors, and
we will give a convergence proof for the cases in which, to our knowledge, no
such proof have been formulated before.
The possible choices we will consider are, for line 3
a) W k = k mod +1 n
b) W k = arg mini PXi [xk (i) − ∇f (xk )(i) ] − xk (i)
27
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Algorithm 4: General decomposition scheme
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
choose W k , possibly depending on k and xk ;
4
compute, using some optimization procedure, a feasible point xk+1
such that xk (i) = xk+1 (i) for any i ∈
/ W k;
5
k ← k + 1;
6 end

c) W k = arg mini F WXi (xk (i) − ∇f (xk )(i) ) − xk (i)
Condition a) is a Gauss-Seidel rule, the blocks are selected sequentially and
the choice does not depend on xk . Condition b), a la Gauss-Southwell, selects
the block that mostly violates an optimality condition given by the norm of the
projected gradient direction, as such value is zero if and only if xk is a first order
stationary point. Similarly, condition c) uses a Frank-Wolfe rule for selecting, a
la Gauss-Southwell, the most violating block.
The possible choices for line 4 are
a) A single step of the Projected Gradient method.
b) A single step of the Frank-Wolfe method.

3.1.1

Projected Gradient method with Gauss-Seidel selection rule

We are solving problem 3.1 using algorithm 5.
Algorithm 5: Projected Gradient with Gauss-Seidel decomposition
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
W k ← k mod +1 m;
x̂k ← PXW k [xk (W k ) − sk ∇f (xk )(W k ) ];
4

dk ← x̂k − xk (i) (−i) ;
5
6
7
8
9

αk ← Armijo linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
end

This algorithm is a special case of the Scaled Gradient Projection Method
described in [12], where the scaling matrix Dk is sk times the identity. The
28
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convergence of the algorithm to a first order stationary point is already provided
in [12, Chapter 2.3], by using a scaling matrix equal to sk I.

3.1.2

Projected Gradient method with Gauss-Southwell
selection rule

The Gauss-Southwell approach requires a function that in some way captures
the distance to optimality for a given block of variables. If we intend to use the
Projected Gradient method to produce a descent direction, since in a first order
stationary point it holds for every i
PXi [x(i) − sk ∇f (x)(i) ] = x(i)
a reasonable choice is to define the set of functions Ψi : Xi → R as
Ψi (x(i) ) = PXi [x(i) − sk ∇f (x)(i) ] − x(i)
which is equal to zero if and only if x(i) is stationary in the ith subproblem. Let
us then consider algorithm 6.
Algorithm 6: Projected Gradient with Gauss-Southwell decomposition
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
W k ← arg maxi∈{1,...,m} Ψi (x(i) );
x̂k ← PXW k [xk (W k ) − sk ∇f (xk )(W k ) ];
4

dk ← x̂k − xk (i) (−i) ;
5
6
7
8
9

αk ← Armijo linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
end

The following convergence result can be derived
Theorem 3.1. Any accumulation point of sequence {xk }, generated by algorithm 6, is a first order stationary point of problem 3.1.

Proof. Since X is convex, by construction for every k, x̂k ∈ X and xk ∈ X .
Then, because of theorem 2.5 it holds for every k


xk − ∇f (xk )(W k ) − x̂k
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xk − x̂k ≤ 0
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which can be written as


1
0
∇f (xk )(W k ) xk − x̂k ≤ − k xk − xk − x̂k
s
or
∇f (xk )0 dk ≤ −

1 k
x − x̂k
sk

2

2

(3.2)

By point (ii) of theorem A.2, since dk is bounded, we can write
lim ∇f (xk )0 dk = 0

(3.3)

k→∞

Then, using equation (3.2) and the boundness of sequence {sk }, we can write
lim

k→∞

xk − x̂k = 0

(3.4)

Let x̄ and K ⊆ N be a point and a set of indexes such that
lim

k→∞,k∈K

xk = x̄



(3.5)



Let W be an index such that the set {k ∈ K : W k = W } is infinite. We can
write

lim

k→∞,k∈K



xk (W
 ) − PXW [xk (W ) − sk ∇f (xk )(W ) ] = 0

(3.6)

By the definition of W we can also write, for every i
lim

k→∞,k∈K

xk (i) − PXi [xk (i) − sk ∇f (xk )(i) ] = 0

Since such function is continuous, both with respect to xk and to sk , we obtain
for every i
x̄(i) − PXi [x̄(i) − s̄∇f (x̄)(i) ] = 0
where s̄ > 0 is an accumulation point of sk . Such equation is a first order
optimality condition.
By examining the proof, we must remark that function Ψi is not the only
possible choice for line 3 of algorithm 6. In fact any family of functions that
satisfies condition 3.2 can be used.
Condition 3.2. For every i, let Ψi : Xi → R be a function such that
1. Ψi is continuous.
2. Ψi (x) = 0 if and only if x is a first order stationary point of problem 3.1.
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3. There exists a forcing function δ such that, for every x ∈ X and (bounded)
s

x − PXi [x(i) − s∇f (x)(i) ] ≥ δ(Ψi (x))
We can easily verify that the proof still holds, as the forcing function allows
to infer equation (3.6) from equation (3.4), and the rest of the proof naturally
follows. This means that it is possible to use, for example, a Frank-Wolfe like
block selection criterion by defining
Ψi (x) = − min ∇f (x)0 (i) (y − x(i) )
y∈Xi

Theorems 2.2, 2.1, and 2.14 prove that such function satisfies condition 3.2.

3.1.3

Frank-Wolfe method with Gauss-Seidel selection rule

One of the major differences between using the Projected Gradient and using
the Frank-Wolfe methods to compute a descent direction lies in the linesearch
type that must be used. As we have seen in sections 3.1.1 and 3.1.2, the Armijo
linesearch fits naturally with the Projected Gradient algorithm, and can be used
to show its convergence properties. On the other hand, using such linesearch
with the Frank-Wolfe direction is more problematic as there is no easy way,
using only that assumption, to prove that the step goes to zero. Then a different linesearch must be used, called quadratic linesearch and described in the
appendix, section A.2.
Let us consider algorithm 7, which is similar to algorithm 5 but uses the
Frank-Wolfe algorithm to generate a descent direction.
Algorithm 7: Frank-Wolfe with Gauss-Seidel decomposition
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
W k ← k mod +1 m;
x̂k ← F WXW k (xk (W k ) );
4

dk ← x̂k − xk (i) (−i) ;
5
6
7
8
9

αk ← quadratic linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
end

Theorem 3.3. Let {xk } be an infinite sequence of points generated by algorithm

7. Let x̄ be an accumulation point of such sequence. Then x̄ is a first order
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stationary point of problem 3.1.
Proof. Let K ⊆ N be such that
lim

k→∞,k∈K

xk = x̄

(3.7)

Let K2 ⊆ N be set that contains K and, for every element in K, all the indexes
located at most after m − 1 steps. Formally

K2 ≡ {k̄ : ∃ k ∈ K, i ∈ {0, . . . , m − 1} such that k̄ = k + i}
By theorem A.2 and equation (3.7) it holds
lim

k→∞,k∈K2

xk = x̄

Then by theorem A.4 it must hold, for every i
lim

k→∞,k∈K2

∇f (xk )0 dk (i) = 0

which can be written as
lim

k→∞,k∈K2

∇f(i) (xk )0 (F WXi (xk (i) ) − xk (i) ) = 0

By theorem 2.3, such function is continuous so, for every i
∇f(i) (x̄)0 (F WXi (xk (i) ) − x̄(i) ) = 0
which is equivalent to the optimality condition
∇f (x̄)0 (F WXi (x̄) − x̄) = 0

3.1.4

Frank-Wolfe method with Gauss-Southwell selection
rule

Algorithm 8, presented below, is similar to the one in section 3.1.2, with the
difference that the Frank-Wolfe algorithm is used to determine the block that
mostly violates the optimality condition, and to compute the descent direction.
We will prove the following theorem
Theorem 3.4. Any accumulation point of sequence {xk }, generated by algo-

rithm 8, is a first order stationary point of problem 3.1.
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Algorithm 8: Frank-Wolfe with Gauss-Southwell decomposition
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
W k ← arg maxi∈{1,...,m} F W Xi (x(i) );
x̂k ← F WXW k (xk (W k ) );
4

dk ← x̂k − xk (i) (−i) ;
5
6
7
8
9

αk ← quadratic linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
end

Proof. Let K ⊆ N be such that
lim

k→∞,k∈K

xk = x̄

By theorem A.4 it must hold
lim

k→∞,k∈K

−∇f (xk )0 dk (W k ) = F W W k (xk (i) ) = 0

(3.8)

From the definition of W k it must hold for every i
F W Xi (xk (i) ) ≤ F W W k (xk (i) )
so we can write, for every i
lim

k→∞,k∈K

= F W Xi (xk (i) ) = 0

Theorem 2.2 states the continuity of F W so
F W Xi (x̄(i) ) = 0
which is equivalent to the optimality condition
F W (x̄) = 0
Here the quadratic linesearch is not the only available option for line 6 of the
algorithm. If the Armijo linesearch is used instead, equation (3.8) still holds,
and the rest of the proof follows. We can easily change the linesearch because,
contrary to algorithm 7, we do not require the result of theorem A.2 to prove
convergence.
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3.2

Feasible set with box and one linear equality
constraints

Let us consider a problem with box and one linear equality constraint. Such kind
of problem arises when training Support Vector Machines (SVM) [13] [57] and
in the reformulation of the network equilibrium problem that we will examine
in chapter 4. So, let us write
min f (y)

y∈Rn

a0 y = b
l≤y≤u
Here, a ∈ Rn , b ∈ R and l, u ∈ Rn . We can transform this problem in an equiv-

alent problem, by introducing variables xi = ai yi , and appropriately changing
f (y), l and u.
min f (x)

y∈Rn

e0 x = b

(3.9)

l≤x≤u
So, without loss of generality, we can assume that ai = 1 and analyze problem
3.9. Given a feasible point x, let w(x) be the set of i such that xi can be
increased while maintaining feasibility
w(x) = {i : xi < ui }
similarly, let W (x) be the set of i such that xi can be decreased
W (x) = {i : xi > li }
Let, at every iteration k
mk ∈ arg min ∇fi (xk )
i∈w(xk )

M k ∈ arg max ∇fi (xk )
i∈W (xk )

with ties being broken arbitrarily. The pair of indexes (mk , M k ) is in some way
a maximum violating pair, i.e. the pair of variables that is mostly away from
k
k
optimality. Let D+
, D−
⊂ {1, . . . , n} such that for every k
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k
k
(i) D+
∩ D−
=∅
k
k
= D−
(ii) D+
k
k
(iii) mk ∈ D+
and M k ∈ D−
X
X
(iv)
∇fp (xk ) −
∇fp (xk ) < 0
k
p∈D+

k
p∈D−

k
k
We want D+
and D−
to contain the indexes of the variables that will actually

be increased and decreased at iteration k. Let
(
)


k
k
k
s = min min ui − xi , min xi − li
k
i∈D+

k
i∈D−

Then we define dk as



sk


dki = −sk



0

for

k
i ∈ D+

for

k
i ∈ D−

(3.10)

otherwise

We can see that sk is the maximum length that xk can be moved along the
chosen direction without becoming unfeasible. dk is computed using sk , such
that the unitary step can always be taken, and in fact it is the maximum allowed
step. Note that condition (ii) and the rule to compute sk ensure that xk + dk
is always feasible. Condition (iv) forces dk to be a descent direction.
Consider algorithm 9. In order to prove the convergence, we must make an
Algorithm 9: Decomposition with a linear constraint
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
compute dk with equation (3.10);
4
αk ← Armijo linesearch along dk with starting step ∆k = 1;
5
xk+1 ← xk + αk dk ;
6
k ← k + 1;
7 end

additional technical assumption. Although we do not believe that such assumption is necessary for the algorithm to converge, we have been unable to prove it
without. Note that algorithm 9 is a generalization of algorithm I.2–SVMlight in
[57, p. 1289] and, as stated in the paper, it is an open problem whether such
algorithm converges.
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Assumption 3.5. The vectors x1 , l, u belong to Qn . Also in algorithm 18 (the
Armijo linesearch algorithm), δ ∈ Q.
Under such assumption, theorem 3.11 gives a convergence result for algorithm 9. Some additional results will be needed in order to prove theorem 3.11
Theorem 3.6. For all k, xk ∈ Qn .
Proof. It is easy to see that, if xk ∈ Qn , then xk+1 ∈ Qn , as by construction,

since xk , l, u ∈ Qn , then also sk ∈ Q, which implies dk ∈ Qn . By the Armijo
linesearch, we have αk = δ j for some j ∈ N, so also αk ∈ Q, so it must hold

xk+1 ∈ Qn . Then the theorem follows from induction on the assumption that
x1 ∈ Q.

Theorem 3.7. Let {xk } be the sequence of points generated by the algorithm.

Suppose such sequence is infinite. Let K be the set of indexes such that the full
Armijo step is not taken, i.e. such that ∆k 6= 1. Then K has infinite cardinality.

Proof. Consider a generic iteration k. Let m ∈ Q be a number such that, for

every i, xki − li and ui − xki are equal to a multiple of m. By theorem 3.6 such
values are rational, so m exists.

If a full Armijo step is taken at iteration k, then every xki is either left unchanged
or it is changed by sk , which is by construction a multiple of m. Then also the
values xk+1
− li and ui − xk+1
are a multiple of m.
i
i

By induction, if a full Armijo step is taken at iteration k + 1, then also xk+2
− li
i

and ui − xk+2
are multiple of m, and so on.
i

However the number of different xk such that every xki is a multiple of m and is
bounded by li and ui is finite. Then, since by the Armijo rule all the xk must
be different, there cannot be an infinite number of consecutive iterations such
that a full Armijo step is taken.

Theorem 3.8. Let {xk } be the sequence of points generated by the algorithm.

Then there exists a k̄ such that, for every k ≥ k̄ there exists an index pk such

that pk ∈ w(xk ) and pk ∈ W (xk ).

Proof. For every iteration k such that w(xk ) ∩ W (xk ) = ∅, every component xki

is either equal to li or to ui . Only a finite number of points exists with such
property, and the Armijo linesearch prevents each point from appearing more
than once in the sequence, so the value k̄ must exist.
Theorem 3.9. There exists an infinite set K such that
lim

k→∞,k∈K

∇fmk (xk ) − ∇fM k (xk ) = 0
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Proof. By theorem 3.7, there must exist an infinite set K such that for every
k ∈ K the full Armijo step is never taken. Consider theorem A.2. All the

hypothesis of the theorem are satisfied by the algorithm, except for hypothesis
(c). However such assumption is only used to write equation (A.5), which is
used to prove that there must exist an infinite number of iterations in which the
full Armijo step is not taken. However we already proved that in theorem 3.7,
so theorem A.2 holds even without this assumption. Then
∇f (xk )0 dk
=0
kdk k

lim

k→∞,k∈K

(3.12)

For every k ∈ K
X
∇f (xk )0 dk
=
kdk k

k
p∈D+

∇fp (xk ) −
q

X
k
p∈D−

∇fp (xk )

k + Dk
D+
−

by definition of mk and M k , it holds
∇fmk (xk ) ≤

1
k
D+

X
k
p∈D+

∇fp (xk )

∇fM k (xk ) ≥

1
k
D−

X
k
p∈D−

∇fp (xk )

k
k
k
k
, and recalling that D+
= D−
≤
and M k ∈ D−
then, since mk ∈ D+

X
k
p∈D+

∇fp (xk ) −
q

X
k
p∈D−

∇fp (xk )

k
2 D+

≤

n
2

∇fmk (xk ) − ∇fM k (xk )
∇fmk (xk ) − ∇fM k (xk )
q
≤
n√
k
k
2 n
D+
2 D+

so equation (3.12) implies the thesis.
Theorem 3.10. There exists a sequence K ⊆ N and a point x∗ ∈ Rn such that
lim

k→∞,k∈K

xk = x∗

and such that x∗ satisfies a first order optimality condition.
Proof. Consider a sequence that satisfies the thesis of theorem 3.9, and let us
extract a subsequence K2 that converges to x∗ . For k big enough, it must hold
W (xk ) ⊇ W (x∗ ) and w(xk ) ⊇ w(x∗ ). Using the pk defined by theorem 3.8 we
can write, for k big enough

∇fM k (xk ) = max ∇fi (xk ) ≥ max∗ ∇fi (xk ) ≥ ∇fpk (xk ) ≥
i∈W (xk )

i∈W (x )
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≥ min∗ ∇fi (xk ) ≥ min ∇fi (xk ) = ∇fmk (xk )
i∈w(x )

i∈w(xk )

By equation (3.12) and the squeeze theorem
lim

max ∇fi (xk ) = min∗ ∇fi (xk )

k→∞,k∈K2 i∈W (x∗ )

and, since f ∈ C 1

i∈w(x )

max ∇fi (x∗ ) = min∗ ∇fi (x∗ )

i∈W (x∗ )

i∈w(x )

Then, for every i ∈ W (x∗ ), j ∈ w(x∗ )
∇fi (x∗ ) ≤ ∇fj (x∗ )
which is a first order optimality condition.
Theorem 3.11. If f is convex, then every limit point of sequence {xk } solves
the problem.

Proof. By theorem 3.10 there exists one accumulation point x∗ which satisfies
a first order optimality condition. Since the Armijo linesearch enforces a strict
decrease of the objective function value, any other accumulation point of the
sequence must have the same objective function value of x∗ , and then be a
global minimizer of f .
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Chapter 4

Decomposition methods for
network equilibrium
problems
Network assignment problems are a widely studied subject in many research
fields, as for instance transportation and data transmission. The aim of a network equilibrium model is to predict the link flows of a network which depend
on the routes origin/destination chosen by the users (travellers or data package)
of the network.
The network is modeled by a direct graph, whose nodes represent origins,
destinations, and intersections, and arcs represent the transportation links.
There is a set of node pairs, called Origin/Destination (OD) pair, and for each
OD pair there is a known demand. For each link there is a user cost function
depending, in general, on the arc flows of the whole graph. Every infinitesimal
unit of flow travels from its origin to its destination along a path that minimizes
its own travel cost, so the network will eventually reach stability in a Nash equilibrium point. The Wardrop’s user-optimal principle states that, if the network
is in equilibrium, then all the routes used by the users have a cost less or equal
to that of any unused route. The Wardrop equilibrium conditions lead to solve a
variational inequality which, under suitable assumptions on the cost functions,
is equivalent to a convex optimization problem. For instance, the equivalence
between the variational inequality and the convex optimization problem holds
whenever the cost fa of any given link a is non-decreasing and depends only on
the flow ya through the given link. We will refer to [34, 36, 72, 4] for the technical details, for the assumptions which lead to the convex optimization problems
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object of this work (see below), and for the wide literature on the topic.
Let P be the number of OD pairs, n the number of paths between all the
origins and all the destinations, and np the number of paths between the origin
and destination of the p-th OD pair, so that we have n = n1 + n2 + . . . + nP .
We will not consider the cyclic paths, as they cannot appear in any optimal
solution. We denote by x ∈ Rn the vector of path flows.

We will denote by bracketed subscripts the subvectors. For example with

x(h) , h ∈ {1, . . . , P } we will denote the h-th subvector of x. In the case of the
network equilibrium problem, it will corrispond to the h-th OD pair variables.
We partition the vector of variables x as follows
x = x(1) , . . . , x(p) , . . . , x(P )



where x(p) ∈ Rnp , p ∈ {1, . . . , P }. We introduce a convex minimization problem

as formulation of symmetric network equilibrium problems. We remark that real

network equilibrium problems are very large scale problems, and this is the main
issue to be considered in the design of optimization algorithms. Under suitable
assumptions, the optimization problem (object of this work) takes the structure
min f (x)
x

e0 x(p) = dp

∀p ∈ {1, . . . , P }

x(p) ≥ 0

∀p ∈ {1, . . . , P }

(4.1)

where f : Rn → R is a convex continuously differentiable function; e is a vector
of ones; dp is the demand of the p-th OD pair.

An arc-based reformulation of problem (4.1) can be used under the assumption of additive path costs. Let m be the number of arcs of the graph. We denote
by y ∈ Rm the arc flow vector. Arc and path flows are related by y = Hx, where

H ∈ Rm×n is the arc-path incidence matrix whose generic element hij is equal
to 1 if arc i belongs to path j and is equal to 0 otherwise. Under the assumption of additive path costs, the optimization problem with arc variables takes

40

CHAPTER 4. DECOMPOSITION METHODS FOR NETWORK
EQUILIBRIUM PROBLEMS

the structure
min F (y)
x,y

y = Hx
(4.2)
0

e x(p) = dp

∀p ∈ {1, . . . , P }

x(p) ≥ 0

where F : Rm

∀p ∈ {1, . . . , P }
Pm
→ R is separable, i.e., F (y) = i=1 Fi (yi ), and each Fi : R+ →

R+ , is a convex continuously differentiable function.

Arc-based algorithms using formulation (4.2), like the well-known FrankWolfe [35] method, are widely used since they require to store only arc flows.
Recently, new arc flow-based algorithms have been proposed in [4, 30, 67, 5] and
show impressive performance in terms of speed of convergence. However, when
the classic additivity assumption on the path costs does not hold, it is necessary
(see [36, 72]) to use the more general path formulation (4.1) and, as consequence,
algorithms employing explicit path information, so that the efficient arc-based
algorithms cited above cannot be adopted.
Then, for sake of generality, in this work we consider the general class of
path-based optimization problems defined in (4.1).
The convex problem (4.1) has a very simple structure, as its feasible set F is

the Cartesian product of simplices. However, problem (4.1) can be considered
a “virtual” formulation: indeed, in any real application it is not reasonable to
completely enumerate, a priori, all the paths, since this would be too expensive.
In order to take into account the difficulties related to the large dimension of
problem (4.1) we adopt a standard column generation strategy (by iteratively
adding only the variables, i.e., the paths, of the model needed to reach optimality) and we employ a gradient projection method within an inexact decomposition framework. Similar approaches have been proposed in [69] for solving the
asymmetric traffic equilibrium problem formulated as a variational inequality,
and in [33, 52] for solving the symmetric traffic equilibrium problem formulated
as (4.1). In particular, in [33] an adaptation of the Rosen’s Projected Gradient algorithm is used within a theoretically exact decomposition Gauss-Seidel
scheme.
The aims of the work are mainly to study convergent inexact decomposition
methods for problems defined on the Cartesian product of convex sets, and to
derive specific algorithms for problems of the form (4.1).
The chapter is organized as follows: in section 4.1, with reference to a general
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problem defined on the Cartesian product of convex sets, we present an inexact decomposition algorithm using restricted feasible sets (belonging to lower
dimensional spaces to possibly tackle large dimensional problems), and gradient
projection iterations. Under suitable assumptions on the restricted feasible sets,
we prove the global convergence of the presented algorithm. Due to the generality of the assumptions stated, the proposed decomposition algorithm can be
the basic framework even to develop algorithms for classes of problems different
from that object of the present work. The specific case of traffic equilibrium
problem is the topic of section 4.2, in which different decomposition schemes are
derived from the general framework previously defined. Computational results
are presented in section 4.3.

4.1

Inexact decomposition algorithm using restricted feasible sets

Let us consider the problem
min f (x)

x∈Rn

(4.3)
x ∈ F = F1 × F 2 × . . . × F L
where f : Rn → R is a convex continuously differentiable function, Fh ⊆ Rnh ,

h = 1, . . . , L, are compact convex sets, and n1 + . . . + nh + . . . + nL = n.
Taking into account the structure of the feasible set F, we partition the vector
of variables x as follows

x = x(1) , . . . , x(h) , . . . , x(L)



where x(h) ∈ Rnh , h ∈ {1, . . . , L}.

Given a point y ∈ F, for h ∈ {1, . . . , L}, we denote by Fh (y) a closed convex

set depending on the point y and such that Fh (y) ⊆ Fh . Formally, we state the

following assumption on the sets Fh (·) for h ∈ {1, . . . , L}.
Assumption 4.1.

(i) There is only a finite set of possible values for Fh (x), and such set does
not depend on x.

(ii) Let K ⊆ {0, 1, . . . , } be an infinite subsequence such that xk ∈ F for all
k ∈ K, and assume that xk → x̄ for k ∈ K and k → ∞. If for k ∈ K and
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k sufficiently large we have that
x̄(h) ∈ arg

min

x(h) ∈Fh (xk )

f (x̄(1) , . . . x(h) , . . . , x̄(L) )

then it holds
x̄(h) ∈ arg min f (x̄(1) , . . . x(h) , . . . , x̄(L) )
x(h) ∈Fh

We observe that (i) of Assumption 4.1 is a technical condition needed to
manage projection operations for infinite subsequences. Condition (ii) requires
that the restricted sets Fh (xk ) capture, in the limit, the geometry of the set Fh

in terms of optimality conditions. Just to have an idea how to satisfy condition
(ii), we can consider the case (central in the present work) of Fh defined as a
simplex, that is


Fh = x ∈ Rnh : e0 x(h) = dh ,

x(h) ≥ 0

Given a feasible point xk , the restricted set Fh (xk ) can be defined by considering

as variables only the components xk(h),i > 0 and that component xk(h),i? = 0 that
in some way mostly violates the optimality conditions, that is,
∂f (xk )
∂f (xk )
≤
x(h),i?
x(h),j

j ∈ {1, . . . , nh }

We will show later that the above definition of the restricted set Fh (xk ) allows
us to satisfy Assumption 4.1.

In algorithm 10 we describe the inexact decomposition algorithm (IDA)
based on the gradient projection and on the well-known Armijo-type line search,
together with a theoretical result employed in our convergence analysis.
In order to ensure the global convergence of algorithm IDA we need to introduce the following assumption, which requires that each index l ∈ {1, . . . , L}

(corresponding to the block component x(l) ) is periodically considered at step
3 within a prefixed maximum number of iterations.
Assumption 4.2. There exists an integer M > 0 such that, for all k ≥ 0 and

for all l ∈ {1, . . . , L}, we can find an index l(k), with 0 ≤ l(k) ≤ M , such that
at step 4 we have hk+l(k) = l.

Note that setting, for instance, hk = (k mod L) + 1, algorithm IDA reduces
to an inexact Gauss-Seidel algorithm (on restricted feasible component subsets)
where a single iteration of the projection gradient method is performed for every
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Algorithm 10: Inexact Decomposition Algorithm (IDA)
Input: x0 ∈ F
1 k ← 0;
2 while stopping criterion not satisfied do
3
choose hk ∈ {1, . . . , L};
4
define Fhk (xk );
5

set
dk(i)

6
7
8
9


=

0(i)
x̂k(i) − xk(i)

if i 6= hk
if i = hk

where x̂k(hk ) = PFhk (xk ) [xk(h) − ∇(h) f (xk )];
αk ← Armijo linesearch along dk ;
xk+1 ← xk + αk dk ;
k ← k + 1;
end

block-component. The literature on the convergence of exact decomposition
algorithms is wide (see, eg., [6], [43], [57], [60]). A recent study on inexact GaussSeidel algorithms based on gradient projection mappings has been performed
in [11]. We remark that the convergence analysis of algorithm IDA can not be
derived from results stated in preceding works, since algorithm IDA involves
restricted feasible subsets Fh (xk ) instead of the prefixed subsets Fh .
We are ready to state the following convergence result.

Theorem 4.3. Let {xk } be the sequence generated by the algorithm IDA. Sup-

pose that for all k the sets Fhk (xk ) defined at step 4 satisfy Assumption 4.1, and
that the sequence {hk } is such that Assumption 4.2 holds. Then {xk } admits
limit points and each limit point is a solution of problem (4.3).

Proof. The points of the sequence {xk } belong to the feasible compact set, so
{xk } admits limit points.

Let x? be a limit point of {xk }, i.e., there exists an infinite subset K ⊆ N

such that

lim

k∈K,k→∞

xk = x?

(4.4)

The instructions of the algorithm imply
f (xk+1 ) ≤ f (xk )
so that, as f is bounded below, we can write
lim f (xk+1 ) − f (xk ) = 0

k→∞
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From the properties of the projection mapping we get
∇f (xk )0 dk = ∇(hk ) f (xk )0 dk(hk ) ≤ −kx̂k(hk ) − xk(hk ) k2 = −kx̂k+1 − xk k2

(4.6)

being
x̂k(hk ) = PFhk (xk ) [xk(hk ) − ∇(hk ) f (xk )]

(4.7)

Furthermore, for all k ∈ K we have
f (xk+1 ) ≤ f (xk ) + γαk ∇f (xk )0 dk
where αk is determined by means of the Armijo line search along the search
direction dk . Note that, due to the convexity of Fhk (xk ), the maximum feasible

step length β k along dk is greater than or equal to 1. Furthermore, as the closed
convex set Fhk (xk ) belongs, by assumption, to the compact set F, we have that
the search direction dk is bounded.

Then using (4.5) and assertion (ii) of theorem A.2 we obtain
lim ∇f (xk )0 dk = 0

(4.8)

k→∞

From (4.8) and (4.6) it follows
lim kxk+1 − xk k = lim kx̂k(hk ) − xk(hk ) k = lim kdk k = 0

k→∞

k→∞

k→∞

(4.9)

From (i) of Assumption 4.1 it follows that, for every j ∈ {1, . . . , L}, we can find
an infinite subset K1 ⊆ K and an Fj? such that
Fj (xk ) = Fj?

∀k ∈ K1

Recalling Assumption 4.2 we have that hk+j(k) = j, with 0 ≤ j(k) ≤ M , and
hence, using (4.9) we can write

lim

k∈K1 ,k→∞

xk+j(k) = x?

(4.10)

From (4.7), (4.9) and (4.10), recalling the continuity of the projection mapping,
we obtain
x?(j) = PFj? [x?(j) − ∇(j) f (x? )]

(4.11)

x?(j) ∈ arg min ? f (x?(1) , . . . , x(j) , . . . , x?(L) )

(4.12)

which implies that

x(j) ∈Fj
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Taking into account (4.12) and recalling (ii) of Assumption 4.1 we have
x?(j) ∈ arg min f (x?(1) , . . . , x(j) , . . . , x?(L) )
x(j) ∈Fj

This equation holds for every j ∈ {1, . . . , L}, and hence the theorem is proved.

4.2

Decomposition algorithms for NEP

In this section we present two decomposition schemes for the special case of the
network equilibrium problem defined by (4.1) and (4.13), as well as the case with
no decomposition at all. We define the feasible set as the Cartesian product of

Fp = x ∈ Rnp : e0 x(p) = dp ,

x(p) ≥ 0

(4.13)

We recall that
- given x ∈ F, x(h),i is the flow of the i-th path between the h-th OD pair;
- f : Rn → R is a convex continuously differentiable function;
- the partial derivative
∂f (x)
∂x(h),i
is the cost of the i-th path.
We exploit the special structure of the feasible set to derive two algorithms
from the general framework depicted in algorithm 10. To this aim we need to
specify:
(a) the rule for constructing the restricted feasible set Fh (x);
(b) the rule for selecting the block variables x(hk ) to be updated at each iteration k.

4.2.1

OD-pairs based decomposition algorithm

Problem (4.1) has the same form of problem (4.3), being L = P the number of
convex compact subsets Fh whose Cartesian product defines the feasible set F.

Formulation (4.1) naturally leads to an OD-pair based decomposition scheme.

Concerning point (a), since each subproblem has a huge number of variables
(i.e., there exists a huge number of paths between each OD pair), the aim is to
avoid enumerating them a priori. Thus, the basic idea is to consider, for each
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subproblem, only the variables whose current value is strictly positive (corresponding to paths carrying non-zero flows), and the variable that corresponds to
the cheaper path to the destination. In this way we consider restricted feasible
sets belonging to lower dimensional subspaces.
Formally, given x̄ ∈ F, we set
Ih+ (x̄) = {i ∈ {1, . . . , nh } : x̄(h),i > 0}
and
πh (x̄) ∈ arg

min

j=1,...,nh

∂f (x̄)
∂x(h),j

Then we define the index set identifying the variables to be updated
Ih (x̄) = Ih+ (x̄) ∪ {πh (x̄)}
For each h ∈ {1, . . . , P } we introduce the restricted feasible set Fh (x̄) defined
as follows

Fh (x̄) = {x(h) ∈ Rnh : x(h) ∈ Fh , x(h),i = 0 ∀i ∈
/ Ih (x̄)}

(4.14)

Assumption 4.1 holds for the restricted feasible set defined by (4.14), as
stated in the next theorem
Theorem 4.4. For any point x ∈ F and for h = 1, . . . , P let Fh (x) be the
restricted feasible set defined as in (4.14). Then Assumption 4.1 holds.

Proof. (i) Let x ∈ F and h ∈ {1, . . . , P }. Note that Fh (x) only depends from
Ih (x), and Ih (x) ⊆ {1, . . . , nh }, with Ih (x) 6= ∅. Then we have
|∪x∈F {Fh (x)}| = 2nh − 1
(ii) If
x̄(h) ∈ arg

min

x(h) ∈Fh (xk )

f (x̄(1) , . . . x(h) , . . . , x̄(P ) )

then, using the optimality conditions, for any i ∈ {1, . . . , nh } such that x̄(h),i > 0
we can write

∂f (x̄)
∂f (x̄)
≤
∂x(h),i
∂x(h),j

∀j ∈ Ih (xk )

(4.15)

By relabelling, if necessary, the infinite subset K, we have πh (xk ) = i? for all
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k ∈ K, and by definition of πh (xk ), we have
∂f (xk )
∂f (xk )
≤
∂x(h),i?
∂x(h),j

∀j ∈ {1, . . . , nh }

(4.16)

From condition (4.15), as i? ∈ Ih (xk ), it follows
∂f (x̄)
∂f (x̄)
∂f (x̄)
≥
=
∂x(h),i?
∂x(h),i
∂x(h),j

∀i, j ∈ {1, . . . , nh } s.t. xk(h),i , xk(h),j > 0
(4.17)

Now by contradiction assume that
x̄(h) ∈
/ arg min f (x̄(1) , . . . x(h) , . . . , x̄(P ) )
x(h) ∈Fh

(4.18)

Then, there exists a pair (î, ĵ) of indexes in {1, . . . , nh } such that x(h),ĵ > 0 and
∂f (x̄)
∂f (x̄)
<
∂x(h),î
∂x(h),ĵ

(4.19)

Note that x̄(h),i > 0 implies xk(h),i > 0 for k ∈ K and k sufficiently large. Hence,

from (4.19) and (4.17), we get that x̄(h),î = 0 and
∂f (x̄)
∂f (x̄)
<
∂x(h),î
∂x(h),j

∀j ∈ {1, . . . , nh } s.t. x̄(h),j > 0

(4.20)

Taking the limits in (4.16) for k ∈ K e k → ∞, and recalling (4.20) we obtain
∂f (x̄)
∂f (x̄)
∂f (x̄)
≤
<
∂x(h),i?
∂x(h),î
∂x(h),j

∀j ∈ {1, . . . , nh } s.t. x̄(h),j > 0

which contradicts (4.17).
Note that the definition of the set Fh (x̄) requires to determine the index

πh (x̄), and this can be done by computing the shortest path between the considered origin and destination.
As regards point (b), we keep hk constant for a fixed number of iterations
niter ≥ 1, that is, each block of variables x(h) is sequentially selected and niter

iterations of the gradient projection method are performed for its updating.

The formal description of the algorithm, which is a specific realization of
algorithm IDA, named IDA-OD, is reported in algorithm 11.
The global convergence of the algorithm follows from theorem 4.3 and is
stated in the following theorem.
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Algorithm 11: Inexact Decomposition Algorithm for OriginDestination pairs (IDA-OD)
Input: x0 ∈ F, niter ≥ 1
1 k ← 0, l ← 1, count ← 0;
2 while stopping criterion not satisfied do
3
hk ← l ;
4
define Fhk (xk ) as in (4.14) replacing x̄ with xk ;
5
set

0(i)
if i 6= hk
dk(i) =
k
k
x̂(i) − x(i) if i = hk
6
7
8
9
10
11
12
13
14
15

where x̂k(hk ) = PFhk (xk ) [xk(h) − ∇(h) f (xk )];
αk ← Armijo linesearch along dk ;
xk+1 ← xk + αk dk ;
if count < niter then
count ← count + 1;
else
count ← 0;
l ← (l mod P ) + 1;
end
k ← k + 1;
end

Theorem 4.5. Let {xk } be the sequence generated by the algorithm IDA-OD.

Then {xk } admits limit points and each limit point is a solution of problem

(4.1).

Proof. The rule for defining the restricted feasible set Fhk (xk ) at step 4 is such
that Assumption 4.1 holds (see theorem 4.4), and the sequence {hk } is generated

in such a way that Assumption 4.2 is satisfied with M = L · niter . Then the
thesis follows from theorem 4.3.

4.2.2

Origin based decomposition algorithm

The network equilibrium problem formulated in (4.1) can be rewritten in an
equivalent form in order to define another decomposition scheme.
More specifically, denoting by O the set of the origins, with |O| = R, and

denoting with D(h), for each h ∈ O, the set of destinations associated to the

origin h, we can equivalently write the problem as follows
minx f (x)

(4.21)
x ∈ F = Ω1 × Ω2 × . . . ΩR
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where
Ωh =

Y
l∈D(h)

Fl

Formulation (4.21) induces an Origin-based decomposition scheme.
Again, concerning point (a), following the strategy previously described for
the OD-pair based decomposition algorithm, given x̄ ∈ F, for each h ∈ O we
introduce the restricted feasible set Ωh (x̄) defined as follows
Ωh (x̄) =

Y
l∈D(h)

Fl (x̄)

(4.22)

where the restricted feasible subset Fl (x̄) is defined in (4.14). We can prove

that the restricted feasible set so defined is such that Assumption 4.1 holds as
stated in the next theorem
Theorem 4.6. For any point x ∈ F and for h = 1, . . . , R let Ωh (x) be the
restricted feasible set defined as in (4.22). Then Assumption 4.1 holds.

Proof. (i) Similarly to theorem 4.4, the set Ωh (x) only depends on Ip (x), with
p ∈ D(h). Every Ip (x) is a non-empty subset of {1, . . . , np }. Then
|∪x∈F {Ωh (x)}| =

Y
p∈D(h)

(2np − 1)

(ii) By point (ii) of theorem 4.4, for every p ∈ D(h), it holds
x̄(p) ∈ arg min f (x̄(1) , . . . x(p) , . . . , x̄(P ) )
x(p) ∈Fp

Then, since the set Ωh is separable, it also holds
x̄(h) ∈ arg min f (x̄(1) , . . . x(h) , . . . , x̄(R) )
x(h) ∈Ωh

Note that the definition of the set Ωh (x̄) requires to determine the indexes
πl (x̄), for l ∈ D(h) and this can be done by computing the shortest paths tree

between the considered origin and all its destinations.

The rule for selecting the block variables x(hk ) to be updated at each iteration
k is the same adopted for algorithm IDA-OD.
We do not yield the formal description the algorithm, called IDA-O, since it
can be immediately derived from the previously described algorithm IDA-OD
by replacing the restricted feasible set Fhk (xk ) with Ωhk (xk ).

The global convergence of the algorithm follows from theorem 4.3 and is

stated in the following theorem
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Theorem 4.7. Let {xk } be the sequence generated by the algorithm IDA-O.
Then {xk } admits limit points and each limit point is a solution of problem

(4.21).

Proof. The rule for defining the restricted feasible set Ωhk (xk ) at step 4 is such
that Assumption 4.1 holds (see theorem 4.6), and the sequence {hk } is generated

in such a way that Assumption 4.2 is satisfied with M = R ∗ niter . Then the
thesis follows from theorem 4.3.

4.2.3

Column-generation based Projected Gradient

The network equilibrium problem formulated in (4.1) can be also tackled without
using a decomposition scheme at all. Indeed, the Projected Gradient framework
based on the column-generation approach directly applies when no decomposition is used, i.e. a special case in which we select all OD pairs at each iteration.
For what concern point (a), following the strategy previously described for
the OD-pair based decomposition algorithm, given x̄ ∈ F, the restricted feasible
set Γ(x̄) is defined as follows

Γ(x̄) =

Y
p∈P

Fp (x̄)

(4.23)

where the restricted feasible subset Fp (x̄) is defined in (4.14). Again, we can
prove that Γ(x̄) is such that Assumption 4.1 holds as stated in the next theorem

Theorem 4.8. For any point x ∈ F let Γ(x) be the restricted feasible set defined
as in (4.23). Then Assumption 4.1 holds.
Proof. (i) Trivially, in this case
|∪x∈F Γ(x)| = 2n − 1
(ii) Again by point (ii) of theorem 4.4, for every p ∈ D(h), it holds
x̄(p) ∈ arg min f (x̄(1) , . . . x(p) , . . . , x̄(P ) )
x(p) ∈Fp

Then, since the set Γ is separable, it also holds
x̄(h) ∈ arg min f (x̄(1) , . . . x(h) , . . . , x̄(R) )
x(h) ∈Γ

Note that the definition of the set Γ(x̄) requires to determine the indexes
πp (x̄), for p ∈ P and this can be done by computing the shortest paths tree

between all origins to all their destinations.
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The resulting algorithm, denoted as PG, can be obtained from algorithm
IDA-OD by replacing the restricted feasible set Fhk (xk ) with Γ(xk ).

The global convergence of the algorithm follows from theorem 4.3 and is

stated in the following theorem.
Theorem 4.9. Let {xk } be the sequence generated by the algorithm PG. Then
{xk } admits limit points and each limit point is a solution of problem (4.21).

Proof. The rule for defining the restricted feasible set Γ(xk ) is such that Assumption 4.1 holds (see theorem 4.6). Assumption 4.2 trivially holds, since we
select all OD pairs at each iteration. Then the thesis follows from theorem
4.3.

4.3

Numerical experiments

In this section we show the results of the computational experiments performed
on a widely used data set by the proposed inexact decomposition algorithms
based on a column generation strategy. The aims of the experimentation were
mainly the following:
(a) to verify the applicability of the column generation-based strategy (characterizing the new methods) for solving real large dimensional problems;
(b) to compare the new methods with the baseline algorithm for network
equilibrium problem, that is, the Frank-Wolfe method;
(c) to evaluate the possible advantages of the inexact decomposition algorithms compared with (approximately) exact decomposition methods and
with methods not using a decomposition strategy.
Concerning point (a), we remark that both algorithm IDA-OD and algorithm
IDA-O require to store path variables that are positive. As shown in Table 4.7,
the number of paths stored at each iteration is very small, and this confirms
that the adopted column generation strategy is a viable technique for tackling
large dimensional problems.
We observe that the experiments have been performed on data sets (described in section 4.3.1) concerning traffic equilibrium problems with additive
path costs, although the proposed algorithms can be applied, in principle, even
to problems with nonadditive path costs. In this latter case, the standard Dijkstra algorithm for the shortest path computation can not be applied, but
(slightly) more complex multi-label shortest route methods can be used (see
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[55]). In order to yield answers to the computational issues discussed above
(which do not depend on the assumption of either additive or nonadditive path
costs), for sake of simplicity we have preferred to limit our computational experience to traffic equilibrium problems with additive path costs, so that several
efficient implementations of the Dijkstra algorithm are easily available and can
be used to implement the algorithms to be tested. Future computational work
will be devoted to intensive experiments on problems with nonadditive path
costs.

4.3.1

Test problems

We performed numerical experiments using the freely available data sets from
the repository of Hillel Bar-Gera1 and listed in Table 4.1. This data set refers
to traffic equilibrium problems with additive path costs, so to problems of the
form (4.2), which leads to problems of the form (4.1) by simple substitution.
The arc cost is expressed by the BPR function (see for instance [46, 68]) defined,
for each link i ∈ {1, . . . , m}, as

si (yi ) = φi + φi βi

yi
ci

αi
(4.24)

where Ci , βi , αi , φi are arc dependent parameters, that characterize the traffic
network, and
yi =

n
X

hij xj

j=1

is the arc flow being hij elements of the arc-path incidence matrix. Then,
according to the adopted notation, we have
Z
Fi (yi ) =
0

name
Barcelona
Winnipeg
Berlin Central
Chicago Sketch

yi


 αi 
z
φ i + φ i βi
dz
ci

#nodes
1020
1067
12981
933

#links
2522
2975
28376
2950

#zones
110
154
865
387

Table 4.1: Data set information.
1 http://www.bgu.ac.il/

~bargera/tntp/
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Performance evaluation
For all tests we report the so-called relative gap (see for instance [4] for more
details), a widely used quality function defined as
P
X

rgap (x) = 1 −

p=1
m
X

P
X

πp (x)dp
si (yi )yi

i=1

=1−

m
X
i=1

si (

πp (x)dp

p=1
n
X

n
X

j=1

j=1

hij xj )

(4.25)
hij xj

We recall that πp is the shortest path cost for the p-th OD pair. The denominator
represents the sum, for each arc, of the arc cost weighted by the flow that moves
through that arc. It is easy to see that, by the Wardrop equilibrium conditions,
rgap (xk ) converges to zero if and only if xk converges to a solution of the network
equilibrium problem.

Implementation details: initial solution, projection over a
simplex and scaling
An initial feasible solution, needed to initialize all the implemented algorithms,
has been obtained by computing the shortest path tree from each origin (following the origin id order) to all destinations and loading on each OD pair shortest
path the entire demand. We have adopted the strategy once-at-a-time proposed
in [69]. More in particular, the origins are sequentially considered, once that
a single origin has been processed, the flow vector and the corresponding path
cost vector are reevaluated. In this way, when computing the shortest paths
tree for a given origin (with the exception of the first processed origin), we are
not considering the graph with an empty flow, so that a better starting point
can be obtained at no additional cost. Formally, the vector x is initialized using
algorithm 12, where O is the set of origins.
The Projected Gradient method requires to project a point over a simplex. Such
operation is performed by a very simple algorithm (see [65] for the details), which
finds the projection of a point in at most n iterations.
We have also implemented a scaled version of IDA-O algorithm (named
IDA-SO, see later). We recall that in IDA-O algorithm each block component
refers to several OD pairs having the same origin. Then, in order to take into
account that different OD pairs may have different scales and may generate
very different steps, we have scaled the search direction by premultiplying it
for a diagonal matrix having on the diagonal, for each OD pair, the maximum
steplength (greater than or equal to one) preserving the non-negativity of the
54

CHAPTER 4. DECOMPOSITION METHODS FOR NETWORK
EQUILIBRIUM PROBLEMS

Algorithm 12: Finds a feasible flow x on the graph G for a given demand
d.
Data: A flow-dependent graph G, a set of P OD pairs with
corresponding demand vector d.
1 set x = 0;
2 foreach i ∈ O do
3
let ti be the shortest path tree from i on G;
4
foreach p ∈ P with origin i do
5
let hw ∈ ti be the shortest path between the pair p;
6
let dw the demand of the pair p;
7
set xhp = dp ;
8
end
9
update arc costs with the current path flow x;
10 end

corresponding used variables. This should promote a significant updating for all
blocks of variables related to different OD pairs. By imposing suitable bounds
on the elements of the scaling matrix convergence properties of the algorithm
are obviously guaranteed.

4.3.2

Results

In this section we show the results obtained on the four test problems by the
algorithms listed in Table 4.2. The first three are the gradient projection decomposition algorithms presented in section 4.2.1 (the third one is the scaled
version), the fourth one is the gradient projection method without decomposition as introduced in section 4.2.1. All these algorithms are path-based methods
for the solution of formulation (4.1). The fifth tested algorithm is the FrankWolfe algorithm, which is applied to the arc-based formulation (4.2), and is the
most used baseline algorithm.
For what concerns the number niter of projected-gradient iterations for IDAlike algorithms, no significant differences have been observed when performing
more than one iteration (say niter = 5, 10, 20). Thus, we only present results in
the case of niter = 1.
In order to assess the usefulness of the inexact decomposition strategy characterizing IDA-like algorithms, we have also implemented two corresponding
(approximately) exact versions of the same algorithms. More in particular, the
two versions have been realized by setting algorithms IDA-OD and IDA-O niter
sufficiently high (say niter = 100), and by introducing an inner stopping criterion for the solution of each subproblem (kdk k∞ ≤ 10−8 ). These two versions
have been named EDA-OD and EDA-O respectively.
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algorithm
Inexact Decomposition Algorithm-OD
Inexact Decomposition Algorithm-O
Inexact Decomposition Algorithm-O with Scaling
Projected Gradient
Frank-Wolfe
Exact Decomposition Algorithm-OD
Exact Decomposition Algorithm-O

name
IDA-OD
IDA-O
IDA-SO
PG
FW
EDA-OD
EDA-O

Table 4.2: Algorithms tested.

All tests have been performed on a Intel Core i7 2.93GHz standard desktop
machine with 3GByte of RAM. The algorithms have been coded in C++ using
the Boost Graph Library2 implementation of the Dijkstra algorithm for the
shortest path computation, as well as the graph representation.
For each test problem and for each algorithm we report in Tables 4.3-4.6 the
CPU time required to satisfy the stopping criterion, i.e., for attaining a value
of the relative gap (see (4.25)) less than or equal to the tolerance , which has
been fixed to different values. The symbol ∗ indicates that the algorithm was
not able to satisfy the stopping criterion within 5 · 103 seconds for Winnipeg,

104 seconds for Barcelona and 2 · 104 seconds for Berlin Central and Chicago
Sketch.

algorithm
IDA-OD
IDA-O
IDA-SO
PG
EDA-OD
EDA-O
FW

 = 10−4
11.23
26.93
1.81
245.45
291.81
107.05
4.09

 = 10−5
21.43
37.52
3.46
732.25
674.12
243.54
27.75

 = 10−6
37.33
60.19
16.19
818.66
805.12
291.94
*

 = 10−7
109.20
108.96
40.10
1004.70
1375.88
411.98
*

Table 4.3: Barcelona road network: CPU time (seconds) required to attain rgap (xk ) ≤
.

From the results reported in Tables 4.3-4.6, we can first of all observe that
the proposed approach outperforms the standard Frank-Wolfe algorithm both
in speed and accuracy in most of the proposed variants. In particular, it can be
seen that, despite its ability to quickly reach low accuracy solutions, Frank-Wolfe
method can not usually make any significant progress towards high quality ones.
However, the worst convergence characteristics of the Frank-Wolfe method were
well-known.
For what concerns the different proposed algorithms that have been tested,
2 http://www.boost.org/doc/libs/1_46_1/libs/graph/doc/index.html
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algorithm
IDA-OD
IDA-O
IDA-SO
PG
EDA-OD
EDA-O
FW

 = 10−4
10.13
14.46
3.22
64.51
292.80
154.03
21.67

 = 10−5
23.09
25.74
18.79
126.09
755.86
478.03
147.16

 = 10−6
71.60
47.77
57.11
293.06
3157.87
1596.67
*

 = 10−7
94.35
88.38
106.23
469.27
4245.42
2140.79
*

Table 4.4: Winnipeg road network: CPU time (seconds) required to attain rgap (xk ) ≤
.

algorithm
IDA-OD
IDA-O
IDA-SO
PG
EDA-OD
EDA-O
FW

 = 10−4
73.17
39.48
32.78
154.60
687.38
397.08
114.96

 = 10−5
167.33
106.27
106.57
2029.64
1979.10
1014.59
1360.90

 = 10−6
426.13
249.10
175.14
10082.73
6809.64
2828.35
*

 = 10−7
657.70
809.90
259.80
*
13199.06
4444.50
*

Table 4.5: Berlin Central road network: CPU time (seconds) required to attain
rgap (xk ) ≤ .

we observe that any inexact decomposition-based algorithm outperforms the PG
algorithm. Moreover, exact versions are far less efficient than the inexact ones:
as conjectured, the effort to exactly optimize a subproblem is not balanced by
a substantial improve in the overall convergence speed.
Comparing origin-based and OD-based is tricky: the former is much faster
in achieving the same accuracy especially when the network dimension grows.
For Barcelona and Winnipeg IDA-O outperforms IDA-OD only when very high
accuracy is required; for Berlin Central IDA-OD is better for low and high
accuracy, while for the Chicago Sketch network the difference is of one order of
magnitude for IDA-OD.
algorithm
IDA-OD
IDA-O
IDA-SO
PG
EDA-OD
EDA-O
FW

 = 10−4
108.07
1095.46
25.90
9283.45
2557.88
1076.44
34.72

 = 10−5
183.40
5023.69
384.12
*
4142.85
3343.16
258.70

 = 10−6
261.88
8741.1
611.04
*
6811.27
8969.27
*

 = 10−7
548.67
15640.47
668.17
*
14175.96
16363.40
*

Table 4.6: Chicago Sketch road network: CPU time (seconds) required to attain
rgap (xk ) ≤ .
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network
Barcelona
Winnipeg
Chicago Sketch
Berlin Central

PG
1.68
1.68
2.57
1.13

IDA-O
1.47
2.08
1.38
1.18

IDA-OD
1.49
2.00
1.41
1.11

Table 4.7: Average number of active paths for each OD pair at the best solution found
by each algorithm.

The differences in performance between IDA-O and IDA-OD are mainly due
to two factors: the usage of the Dijkstra algorithm to find either single shortest
paths or shortest path trees; the effectiveness of the search directions generated
by the projected gradient inner step of the decomposition scheme. For what
concern the former, IDA-O can compute shortest path trees from each origin,
with a great saving of time. This advantage can be easily verified looking at the
time per iteration (i.e. the time to process all OD pairs) which is much lower
for IDA-O. On the other hand, search directions generated by IDA-OD seem to
be more effective, allowing a greater reduction of the objective function at each
iteration.
The previous observations are confirmed by the substantial improvement
achieved by the IDA-SO algorithm. The introduction of the scaling matrix
seems to substantially improve the practical properties of the scaled descent
direction. We observe that in many cases (with different levels of accuracy
required) IDA-SO algorithm outperforms all the other tested algorithms. Then,
on the basis of the experimentation performed on the four test problems, IDASO algorithm seems to be the preferable algorithm among those presented in
this work.
It is also worth to be noticed that there is room for improvements tuning the
gradient projection: the gradient can be scaled by any factor λ > 0 (which has
been set to one in our work) without loosing he convergence properties or any
significant computational burden. Scaling the gradient affects the search direction: extensive tests not here reported have shown that tuning λ can improve
the algorithms performance.
Being a critical issues for path-based algorithms, we report in Table 4.7 the
average number of active paths for each OD pair recorded at the best solution
found by the algorithms IDA-O, IDA-OD and PG.
Values reported in Table 4.7 clearly show that high quality solutions are
characterized by a number of active paths of the same magnitude of the number
of OD pairs. Unless the latter became huge, the proposed algorithms represent
then a viable strategy also in terms of memory consumption.
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Chapter 5

Global optimization
methods for nonlinear
mixed integer portfolio
selection problems
Portfolio selection theory studies how to allocate an investor’s available capital
into a prefixed set of assets with the aims of maximizing the expected return
and minimizing the investment risk.
We denote by n the number of available assets, by µ ∈ Rn the vector of ex-

pected returns of the assets, and by Q ∈ Rn×n the symmetric positive semidefinite matrix whose generic element qij is the variance of returns of asset i and

asset j. Usually both the vector µ and the matrix Q are not known analytically
but can be estimated using historical data.
Let us assume that one unit of capital is available and that we want it to be
fully invested. Then, let x ∈ Rn be the vector of decision variables, where xi is

the fraction of the available capital to be invested into asset i, with i = 1, . . . , n.
Since the available capital is to be entirely used for investment and no short
positions are allowed, vector x must satisfy the constraints
e0 x = 1 x ≥ 0
where e ∈ Rn denotes the column vector of all ones. Then, by this notation, µ0 x

is the expected return of the portfolio and x0 Qx is the variance of the portfolio
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which can be used as a measure of the risk connected with the investment [62].
Hence, the classical Markowitz portfolio selection model [62] seeks for solutions
that minimize the risk (x00 Qx) while maximizing the expected return (µ0 x) of
the portfolio.
In the traditional Markowitz portfolio selection model [62] this bi-objective
problem is transformed into a single-objective optimization problem, where the
objective function is the risk of the portfolio (x0 Qx), and the expected return
(µ0 x) of the assets is fixed to a chosen value. Formally, the optimization problem
is stated as the following convex quadratic program
min

x∈Rn

x0 Qx
µ0 x = β
e0 x = 1

(5.1)

x≥0
where β is the desired expected return of the portfolio. The main drawback of
problem (5.1) is that means and covariances of the assets are not sufficiently
accurate since they have to be estimated from historical (and typically) noisy
data. Indeed, it is extremely difficult to estimate the mean returns to working
precision and this is a known phenomenon referred to as mean blur [59, 63].
Besides, the mean-variance model (5.1) is very sensitive to distributional input
parameters. As a result, the model amplifies any estimation error thus yielding
extreme portfolios which, as it can be seen, perform poorly in out-of-sample tests
[14, 22, 27, 64]. Several variants of the Markowitz model have been proposed
and many attempts have been undertaken to ease the mentioned amplification
of estimation errors and yield more stable portfolios. In [10] Bayesian estimation
of means and covariances has been employed. In [51, 20] additional portfolio
constraints have been imposed in the model in order to guide the optimization
process towards more diversified portfolios. In [21] the use of a James-Steiner
estimator for the means have been proposed which steers the optimal allocations
towards the minimum-variance portfolio. The employment of robust estimators
has been investigated in [27]. In [9, 32, 15, 26] an important class of portfolio
selection problems has been defined by limiting the number of assets to be held
in the portfolio so as to reduce both the transaction costs and the complexity
of portfolio management. Such a constraint, as argued in [15], helps inducing
sparsity of the selected portfolio and can be a remedy to the high instability of
classic methods for portfolio selection.
In particular, in [8, 9, 18] the Markowitz model has been modified by adding
to problem (5.1) a constraint on the number of assets that can be held in the
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portfolio. This kind of problems, usually called cardinality-constrained portfolio
selection problems, are stated as follows
min

x∈Rn

x0 Qx
µ0 x = β
e0 x = 1

(5.2)

x≥0

kxk0 ≤ K

where the parameter K is the chosen limit of assets to be held in the portfolio.
Optimal portfolios with a limited number of assets can be achieved by fixing
parameter K in (5.2) to a sufficiently small value.
A different approach for the search of sparse portfolios consists in replacing
the l0 norm in (5.2) with the more tractable l1 norm [26], or (equivalently) in
adding, as a tunable penalty term, the l1 norm of x to the objective function
(5.1), see e.g. [15].
Summarizing, we can say that modern portfolio selection problems involve
three partially conflicting objectives:
(a) the risk connected with the portfolio selection (x0 Qx), to be minimized,
(b) the expected return of the portfolio (µ0 x), to be maximized,
(c) the number of assets (kxk0 ) held in the portfolio, to be minimized.
As such, we have different alternatives to model the portfolio selection problem
as a single-objective optimization problem.
In this work we focus on the sparsest portfolio, that is, on the following
nonsmooth optimization problem
min

x∈Rn

kxk0
µ0 x = β
x0 Qx ≤ α

(5.3)

e0 x = 1
x≥0

where β is the desired expected return of the portfolio, and α is the maximum
acceptable level of risk.
As shown in [9], problem (5.3) is a difficult, in fact NP-hard, combinatorial
problem. Following [61] and [76], we choose to tackle it by replacing the nonsmooth objective function kxk0 with a suitable smooth concave approximating
61
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function. This leads to an “equivalent” (in a sense to be specified later) concave
optimization problem. In this way, we move the difficulty of solving (5.3) to that
of solving a concave global minimization problem. As a global optimization
strategy we adopt the Monotonic Basin Hopping (MBH) method (see, e.g.,
[56], [45]) employing as local minimization procedure an efficient version of the
Frank-Wolfe method [35], useful to solve large dimensional problems.
We observe that the use of the l1 norm in place of the the objective function
kxk0 can guarantee the recovery of sparse solutions. However, as shown in [13]

and [76], the solutions which are obtained this way, although easily obtainable
thanks to the convex nature of the problem, are far less sparse than those
obtainable via concave approximations.
In this chapter, we will perform a theoretical analysis aimed to prove the
equivalence between a general class of zero norm minimization problems (including (3)) and smooth concave minimization problems; in particular we will
prove a new equivalence result which extends previous results to non polyhedral
feasible sets. We will also describe the design and implementation of a specific version of the (MBH) global optimization method that can be applied to
efficiently solve, as pointed out by the numerical experiments, the class of portfolio selection problems here considered; in particular this version of the MBH
method is different from previously known ones as it is specifically tailored to
this class of problems: we will design for this problem a specific perturbation
operator, which is the crucial part of any MBH algorithm. We will see that this
will greatly improve the performance of the method.

5.1

Concave formulations of zero norm minimization problems

In this section we describe an approach for transforming a zero norm minimization problem, which is nonsmooth, into an equivalent (in some sense) smooth
concave optimization problem. The approach used here is very general and can
be applied not only to the portfolio selection problem, but to any optimization problem which involves the minimization of the zero norm function over a
compact set.
Hence, let us consider problem
min

x∈Rn

kxk0
x∈S
x≥0
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where we assume that S ⊂ Rn is a compact set.

In order to illustrate the idea underlying the concave approach, we observe

that the objective function of problem (5.4) can be written as follows
kxk0 =

n
X
i=1

s(|xi |)

where s : R → R+ is the step function such that s(t) = 1 for t > 0 and s(t) = 0
for t ≤ 0. The approach was originally proposed in [61], and is based on the

idea of replacing the discontinuous step function by a continuously differentiable
concave function 1 − e−αt , with α > 0, thus obtaining a problem of the form
minn

x∈R

n
X
(1 − e−αxi )
i=1

x∈S

(5.5)

x≥0

It has been shown in [61] that, by assuming that S is a polyhedral set, the approximating problem (5.5) is equivalent to the given nonsmooth problem (5.4),
that is, for α sufficiently large, there exists a solution of (5.5) which yields a
solution of the original problem (5.4).
A similar concave optimization-based approach has been proposed in [90],
where the idea is that of using the logarithm function instead of the step function. The adoption of the logarithm function is practically motivated by the
fact that, due to the form of the logarithm function, it is better to increase one
variable while setting to zero another one rather than doing some compromise
between both, and this should facilitate the computation of a sparse solution.
This leads to a concave smooth problem of the form
min

x∈Rn

n
X

log( + xi )

i=1

x∈S

(5.6)

x≥0

The equivalence of (5.6) with (5.4), namely that for  sufficiently small there
exists a solution of (5.6) which yields a solution of the original problem (5.4),
has been proved in [76] under the assumption that S is a polyhedral set.
Here we remove the assumption that S is a polyhedral set, and we study the

63

CHAPTER 5. GLOBAL OPTIMIZATION METHODS FOR NONLINEAR
MIXED INTEGER PORTFOLIO SELECTION PROBLEMS

equivalence between problem (5.4) and a problem of the form
minn

x∈R

n
X

f u (xi )

i=1

(5.7)

x∈S
x≥0

where f u : R+ → R is a smooth function depending on a parameter u ∈ U ⊆ R.

To this aim we introduce the following assumptions on the parametrized

function f u . There exists ū ∈ U such that, for any infinite sequence {uk } → ū,

we have that:

(i) for each xi ≥ 0, limk→∞ f uk (xi ) is well-defined;
(ii) for each xi > 0, it follows f uk (0) < f uk (xi ) and
lim f uk (0) < lim f uk (xi ) < ∞;

k→∞

k→∞

(iii) for any x̄i > 0, and for any sequence {xki } → x̄i we have
lim f uk (xki ) = lim f uk (x̄i );

k→∞

k→∞

(iv) for each xi ≥ 0, one of the following conditions holds: either
(
lim f

uk

k→∞

(xi ) =

1

if

xi > 0

0

if

xi = 0

(5.8)

or
lim f uk (0) = −∞

k→∞

(5.9)

It can be shown that, setting U = R+ , we have that assumptions (i)–(iv) above
are satisfied, for instance:
- by the function f u (xi ) = (1 − e−uxi ), with ū = +∞;
- by the function f u (xi ) = log(u + xi ), with ū = 0.
In particular, the function f u (xi ) = (1 − e−uxi ) satisfies condition (5.8), and

function f u (xi ) = log(u + xi ) satisfies condition (5.9). Note that whenever

condition (5.8) holds we have
n
X
lim
f uk (xi ) = kxk0

k→∞

i=1
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Let {uk } be any sequence convergent to ū. For each k, let xk be a solution of

(5.7) with u = uk . Thus, by definition, we have for all k and for each x ∈ S, x ≥ 0
n
X
i=1

k

f u (xki ) ≤

n
X

k

f u (xi )

(5.11)

i=1

We prove that any limit point of {xk } is a solution of the original problem (5.4).

In this way we provide a theoretical justification regarding the transformation
of (5.4) into the class of smooth problems defined by (5.7).
Theorem 5.1. Let {uk } be a sequence such that limk→∞ uk = ū. Let {xk } be

a sequence such that xk solves problem (5.7) with u = uk . Then, the sequence
{xk } admits accumulation points, and all of them solve problem (5.4).

Proof. For all k, xk solves problem (5.7). Then it follows that xk ∈ S and

xk ≥ 0. Thus, compactness of S implies that {xk } admits accumulation points.
Now, let x̄ be a limit point of {xk } and x? be a solution of (5.4). By compactness
of S, we have that x̄ ∈ S, x̄ ≥ 0.

Assume by contradiction that x̄ is not a solution of (5.4), that is
kx̄k0 ≥ kx? k0 + 1

(5.12)

Consider any i ∈ {1, . . . , n} such that x̄i > 0. From assumption (iv) it follows
lim f uk (x̄i ) = lim f uk (xki ) = li

k→∞

k→∞

(5.13)

where li is defined as such the limit value. Then, given any positive  such that
n < 1, two positive integers k1 (), k2 () exists such that

2

uk
k
f (xi ) ≥ li −
2
f uk (x̄i ) ≤ li +

for all k ≥ k1 ()
for all k ≥ k2 ()

Thus, for k sufficiently large, we obtain
f uk (x̄i ) ≤ f uk (xki ) + 

(5.14)

Now, let us consider any index i ∈ {1, . . . , n} such that x̄i = 0. Using assumption (ii) we have, for all k

k

k

f u (x̄i ) ≤ f u (xki )
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From (5.14) and (5.15) we get that for k sufficiently large we can write
n
X
i=1

n
X

k

f u (x̄i ) ≤

k

f u (xki ) + n

(5.16)

i=1

Conditions (5.11) and (5.16) imply, as x? ∈ S, x? ≥ 0,
n
X
i=1

k

f u (x̄i ) ≤

n
X

k

f u (x?i ) + n

(5.17)

i=1

Now let us distinguish the two cases.
Case I: suppose that condition (5.8) holds. Using (5.10) we have
lim

n
X

k→∞

lim

k→∞

i=1

n
X
i=1

k

f u (x̄i ) = kx̄k0
k

f u (x?i ) = kx? k0

Hence, taking the limits for k → ∞ in (5.17) we obtain
kx̄k0 ≤ kx? k0 + n
From the above relation and (5.12) it follows
kx? k0 + 1 ≤ kx? k0 + n
which contradicts the fact that n < 1.
Case II: suppose that condition (5.9) holds. First we rewrite relation (5.17) as
follows
X
i:x̄i >0

f uk (x̄i ) + (n − kx̄k0 ) f uk (0) ≤

X
i:x?
i >0

f uk (x?i ) + (n − kx? k0 ) f uk (0) + n

from which we obtain
(kx? k0 − kx̄k0 ) f uk (0) ≤

X
i:x?
i >0

f uk (x?i ) −

X

f uk (x̄i ) + n

i:x̄i >0

Taking limits for k → ∞, using (5.12) and condition (5.9) we get that the left

member of the above relation tends to +∞, while the right member tends to a
finite value (see assumption (ii)), thus yielding a contradiction.
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5.1.1

Frank-Wolfe method as local optimizer

In this section we describe an efficient version of the Frank-Wolfe algorithm
for minimizing a concave function over a compact convex set and recall some
theoretical results about its global convergence (see [74] for further details and
proofs). The main motivations for using the Frank-Wolfe algorithm as a local
minimizer are the following:
- no need to make a line search when minimizing a concave function over a
compact convex set (see theorem 5.2 below);
- possibility to reduce the problem dimension at each step of the algorithm,
which leads to significant savings in the computational time (see theorems
5.3 and 5.4 below). This can be seen as a decomposition scheme where, at
every iteration, a number of variables are fixed to zero. However, contrary
to many classical decomposition schemes, we can prove that there is no
need to release the variables that have been fixed in the previous iterations.
The particular structure of the problem guaranties that, once a variable
has been constrained to zero, the convergence result holds if such variable
remains fixed for the rest of the algorithm.
Let us consider the problem
min f (x)
x∈S

(5.18)

where S ⊂ Rn is a non empty compact convex set having the following form
S = {x ∈ Rn : µ0 x = β, x0 Qx ≤ α, e0 x = 1, x ≥ 0}

(5.19)

and f : Rn → R is a concave, continuously differentiable function, bounded

below on S. A version of the Frank-Wolfe algorithm with unitary stepsize
is described in algorithm 13.

The global convergence property of the FW1

algorithm is stated in the following theorem. Proofs of the theorems in this
section can be found in [76] [61].
Theorem 5.2. Let {xk } be a sequence generated by algorithm 13. Then every
limit point x̄ of {xk } is a stationary point of problem (5.18).
Now consider the problem
min f (x) =

n
X
φj (xj )
j=1

x∈S
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Algorithm 13: Frank-Wolfe - Unitary Stepsize (FW1) Algorithm
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
if xk ∈ arg min ∇f (xk )0 x then
3
x∈S

4
5
6
7
8
9

STOP;
else
compute xk+1 ∈ min ∇f (xk )0 x;
x∈S

k ← k + 1;
end
end

where φj : R → R, for j ∈ {1, . . . , n} are concave, continuously differentiable
functions. We assume that f is bounded below on S.

We observe that problem (5.20) includes as special cases the concave programming problems presented in the previous section.
The next theorem shows that, under suitable conditions on the concave
functions φj , the algorithm does not change a variable once that it has been
fixed to zero.
Theorem 5.3. Let {xk } be any sequence generated by algorithm 13. There

exists a value M such that, if

∇φi (0) ≥ M
then we have that for k ≥ 1
xki = 0

implies

xk+1
=0
i

On the basis of theorem 5.3 it is possible to define algorithm 14, a version of the
Frank-Wolfe algorithm with unitary stepsize, where the problems to be solved
are of reduced dimension. In particular, whenever a variable is set to zero at an
iteration, the method removes this variable for all the following ones. Note that
the problem in line (8) is equivalent to a problem of dimension n−|I k |, and that

I k ⊆ I k+1 , so that the problems to be solved are of nonincreasing dimensions.

This yields obvious advantages in terms of computational time. Since algorithm
14 is different from the standard Frank-Wolfe method, its convergence properties
cannot be derived from the known result given by theorem 5.2. Next theorem
shows the convergence of the algorithm to a stationary point.
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Algorithm 14: Frank-Wolfe - Unitary Stepsize - Reduced Dimension
(FW1-RD) Algorithm
Data: A feasible point x1
1 k ← 1;
2 while stopping criterion not satisfied do
3
I k ← {i : xki = 0};
4
S k ← {x ∈ S : xi = 0 ∀i ∈ I k };
if xk ∈ arg min ∇f (xk )0 x then
5
x∈S

STOP;
else
compute xk+1 ∈ min ∇f (xk )0 x;

6
7
8
9
10
11

x∈S k

k ← k + 1;
end
end

Theorem 5.4. Let {xk } be a sequence generated by algorithm 14. Suppose there

exists a value M such that ∇φj (0) ≥ M for j ∈ {1, . . . , n}. Then every limit

point x̄ of {xk } is a stationary point.

Concerning the separable concave objective functions of problems (5.5),
(5.6), we have, for j ∈ {1, . . . , n} and α,  > 0,
- φj (xj ) = f α (xj ) = 1 − e−αxj and ∇φj (0) = α
- φj (xj ) = f  (xj ) = ln( + xj ) and ∇φj (0) = 1/
Therefore, the assumption of theorem 5.4 holds for suitable values of the parameters of the above concave functions, so that algorithm 14 can be applied to
solve problems (5.5) and (5.6).

5.2

Global optimization using the Basin Hopping method

In this section we present the global optimization method we used to solve the
concave optimization problem. The problem introduced in the previous sections
is the minimization of a concave objective function over a compact convex region,
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that is

n
X

minn

f (x) =

s.t.

µ0 x = β

x∈R

f u (xi )

i=1

x0 Qx ≤ α

(5.21)

e0 x = 1
x≥0

where f u : R+ → R is a concave function depending on a parameter u and

satisfying assumptions (i)–(iv) of section 5.1.

Although concave minimization is quite a special case of global optimization,
with many important properties which may guide towards designing good optimization algorithm, it remains nonetheless an NP–hard problem. Concavity in
particular implies that the global optimum will be located at an extreme point
of the feasible region; as we saw, Frank-Wolfe algorithm can be employed to
find a stationary point which surely belongs to the frontier of the feasible set.
Note that each iteration of Frank-Wolfe algorithm applied to (5.21) requires to
solve a problem with linear objective function, one convex quadratic constraint,
and linear constraints, and this can be efficiently performed by using modern
solvers.
However, local optimization is not enough, as the problem under consideration has, in general, many local optima which are not global. Thus there is
a need to employ some global optimization strategy in order to fully exploit
the interesting properties of the proposed Frank-Wolfe local method. The most
elementary strategy for global optimization is Multistart, which merely consists of repeatedly running a local optimization method from randomly chosen
starting points and retaining the best local optimum found. A few experiments
within the context of the problem described in this chapter quickly showed that
Multistart is too inefficient, leading to an extremely slow and computationally
expensive convergence to the global optimum. Our choice was to try a slightly
more elaborated method, Monotonic Basin Hopping (MBH) ([56],[45]). This is
a simple iterated local search algorithm which consists in applying a perturbation to the current locally optimal solution and starting a local search from the
perturbed point. If the local search leads to an improvement, then the current
local optimum is updated; otherwise, it is left unchanged and the procedure is
repeated until, for a prefixed number of iterations, no improvement is observed.
This MBH procedure might be considered as a refined local search method and
included in a Multistart framework. Thus, several runs of MBH are performed
starting from randomly selected points. In order to define a MBH–based method
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some procedures have to be defined and some parameters chosen. In particular,
we need:
• a procedure G(), which generates a random starting point
• a procedure P(x), which generates a perturbed solution in a prescribed
neighborhood of the current point x

• a procedure L(f, X, x), which, starting from a point x, produces a local
minimum of the objective function f over the feasible set X

Among the parameters to be chosen, most relevant are the number N of Multistart trials to be performed and the number M N I of iterations without improvement after which the current MBH run is stopped. A simplified scheme for
Multistart/MBH is described in algorithm 15. The choice of the perturbation
Algorithm 15: Multistart/MBH algorithm
1 fbest ← ∞;
2 while stopping criterion not satisfied do
3
x ← G();
4
x? ← L(x, X, f );
5
k ← 0;
6
while k < M N I do
7
y ← P(x? );
8
y ? ← L(y, X, f );
9
if f (y ? ) < f (x? ) then
10
x? ← y ? ;
11
k ← 0;
12
else
13
k ← k + 1;
14
end
15
end
16
if f (x? ) < fbest then
17
fbest ← f (x? );
18
xbest ← x? ;
19
end
20 end

procedure P is one of the keys for the success of MBH; in fact choosing too

small a neighborhood makes MBH get stuck at a local optimum, wasting local
searches. On the other hand, choosing too large a neighborhood makes MBH
behave like pure Multistart, thus loosing efficiency.
The most frequently used perturbation consists in choosing a radius r and
uniformly generating the perturbed point y in a ball of radius r centered at
x? . In this case it is crucial to choose a radius r which is neither too small
71

CHAPTER 5. GLOBAL OPTIMIZATION METHODS FOR NONLINEAR
MIXED INTEGER PORTFOLIO SELECTION PROBLEMS

nor too large, the ideal being somewhat larger than the radius (i.e., half the
diameter) of the region of attraction of the current local optimum x? . This
strategy, with many different choices for the radius r, has been attempted for
the concave portfolio optimization problem, but only with very limited success. A possible explanation might be that the local optima obtained through
the Frank-Wolfe procedure belong to quite a large basin of attraction which
includes large portions of the boundary of the feasible region; thus, usually, a
new local optimization from a nearby point will most likely lead to the same
local optimum. More refined generation procedures might be tried, exploiting
the fact that perturbed points should be preferably located on the boundary
but not too close to the current one. However, we chose a more combinatorial
perturbation mechanism which turned out to be quite efficient for the problem
under consideration. At each iteration we choose to “swap” the values of some
variables of the current solution x? which are non zero, with other variables
which are currently null. This way we performed a perturbation, in some sense,
in a space more closely related to the zero–norm. In the experiments we choose
to swap min{20, 0.5kx? k0 } pairs.

For what concerns the other procedures, we choose as L algorithm 14 de-

scribed before. Finally, some care had to be taken also for the initial random
generation G. In fact the feasible set is the intersection of a simplex with an
ellipsoid and with an half–space: generating a uniform point in such a set might

not be a trivial task. In our experiments we choose to uniformly generate a
point in the unit simplex surface by means of a standard procedure which consists in the uniform generation of n − 1 points in the interval [0, 1]: the vector

composed of the n lengths of the partition of the unit interval induced by these

points turns out to be a uniform point in the n–dimensional simplex surface.
After this, feasibility with respect to the other constraints was checked and the
whole procedure repeated until a feasible point was eventually produced. Thus
the generation tool was a mix of a rigorous generator in the unit simplex coupled
with an acceptance/rejection method for the remaining constraints. Apart from
pathological cases, this procedure turned out to be quite efficient.
It might be observed that in the generation phase we choose to generate
feasible points (and this is motivated from some experiments which showed a
significant improvement obtained thanks to feasible point initialization). However, in the perturbation phase we usually obtain an unfeasible starting point
(which, in any case, satisfies the unit simplex constraints). This was considered
not to be too harmful as, after a perturbation, usually the local optimization
algorithm was able to restore feasibility by moving in the neighborhood of the
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current point.
For what concerns other algorithmic choices, we choose a relatively small
value for the M N I parameter (equal to 10) and ran Multistart until either 500
calls to algorithm 14 procedure have been made, or until 1 hour of CPU time
has passed.

5.3

Numerical results

The aims of the experiments are the following:
(a) to evaluate the efficiency of the proposed algorithm (called MBH/FW1RD algorithm) in terms of global optimization and of computational time;
to this aim we use a state-of-the-art solver which is able to produce a
certificate of optimality.
(b) to assess, on out-of-sample data, the performance of the portfolios obtained from our model and to compare them to classical Markowitz model
(5.1).
The results concerning point (a) will be presented in section 5.3, while those
regarding point (b) will be shown in section 5.3.
As a concluding remark, we highlight that the original problem (5.3) can
be easily formulated as a mixed-integer quadratically constrained programming
problem (MIQCP), which can be solved exactly by a number of solvers. Let us
consider the following formulation:
n
X

min
n

x∈R ,y∈{0,1}n

yi

i=1
0

µx=β
x0 Qx ≤ α

(5.22)

0

ex=1
yi ≥ xi
x≥0

∀i

It can be easily shown that problem (5.3) is equivalent to problem (5.22).
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Implementation details and test problems
We considered formulation (5.21) with logarithmic concave function, namely the
problem
minn

x∈R

n
X

log( + xi )

i=1
0

µx=β
x0 Qx ≤ α

(5.23)

e0 x = 1
x≥0

with  = 10−6 .
We employed CPLEX 12.0 to solve the subproblem defined at each iteration
of the Frank-Wolfe method.
In the computational experiments, we used seven publicly available data sets
([18] and [26]) for mean-variance portfolio optimization. These test problems
refer to the following capital market indexes:
- 6FF [26] (n = 6): Six Fama and French (1992) portfolios of firms sorted
by size and book-to-market;
- 10IND [26] (n = 10): Ten industry portfolios representing the U.S. stock
market;
- 25FF [26] (n = 25): Twenty-five Fama and French (1992) portfolios of
firms sorted by size and book-to-market;
- 48IND [26] (n = 48): Forty-eight industry portfolios representing the
U.S. stock market.
- FTSE 100 [18] (n = 79): it is a share index published since 1984 of the
100 most highly capitalized UK companies listed on the London Stock
Exchange;
- S&P 500 [18] (n = 476): it is a free-float capitalization-weighted index
published since 1957 of the prices of 500 large-cap common stocks actively
traded in the United States;
- NASDAQ [18] (n = 2196): it is a stock market index published since 1971
of all of the common stocks and similar securities listed on the NASDAQ
stock market (about 3000 components).
For each test problem, we collected the following data:
- Expected returns;
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- Covariance matrix.
For the three biggest problems we also have
- Name list of stocks;
- Weekly stock price data from March 2003 to March 2008;
- Weekly stock return data from March 2003 to March 2008;
Note that, expected returns and covariance matrices for problems FTSE 100,
S&P 500 and NASDAQ are calculated using the stock data from March 2003
to March 2007. The remaining data, for the period April 2007-March 2008,
are used as out-of-sample data to evaluate the performance of the portfolios
obtained with our method (see below for further details).
For each problem we generated different instances by varying the parameters
α and β as follows. For what concerns parameter β, following [18], we define
an interval [βmin , βmax ] and then select Nβ values equally spaced in the interval, there including the extreme values. The following table reports, for each
problem, the values βmin , βmax and Nβ .
βmin

βmax

Nβ

6FF

1.0425

1.5693

100

10IND

0.9254

1.1574

100

25FF

1.0466

1.6805

100

48IND

0.9217

dataset

FTSE
S&P
NASDAQ

1.4463

3.4691 · 10

−3

2.4970 · 10

−3

2.4970 · 10

−3

100

1.6146 · 10

−2

245

−2

314

3.7239 · 10

−3

22

1.6721 · 10

As regards the choice of parameter α, for each value of β, we select the corresponding value of α as the solution of problem (5.2), where we fix K = 2
for dataset 6FF, K = 3 for datasets 10IND and 25FF, K = 8 for dataset
48IND. In this way 100 instances were generated for each of these datasets.
For the remaining three problems FTSE 100, S&P 500 and NASDAQ,
used also to evaluate the out-of-sample performance, for each value of β we
select five equally spaced values of α in the interval [αβmin , αβmax ] where:
- αβmin is the minimum risk value, according to the classical Markowitz
model, when the expected return is equal to β;
- αβmax is the solution reported in [18] when the expected return is equal
to β and K = 10, that is a value that allows to obtain solutions with no
more than 10 active assets.
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This choice seems reasonable since, on the one hand, we are interested in sparse
portfolios with a limited risk (as near as possible to the Markowitz lower bound)
and, on the other hand, we are interested in comparing the sparsity of our
solutions to that of the Markowitz ones. Summarizing, for each of portfolio
optimization problems FTSE 100, S&P 500 and NASDAQ, a grid of 5Nβ
(α, β) pairs was used to generate the test instances of the experimentation.

Global optimization results and comparison with MIQC
formulation
In this subsection we compare our method, in term of optimal solution value and
of computational time, with a state-of-the art exact solver for MIQCP problems,
that is CPLEX 12.0.
First we solved the small dimensional portfolio problems described in [26]
and compared the solutions obtained by algorithm MBH/FW1-RD with those
obtained by means of the MIQCP solver CPLEX.
Comparing the results, it turned out that the algorithm was generally able
to find the global optima. More specifically,
- for three problems over four (namely 6FF, 10IND and 48IND), we obtained
the certified optimal solution in all the instances;
- for problem 25FF, we obtained the certified optimal solution in the 80%
of the instances, and a slightly less sparse solution than the one found by
CPLEX in all the other cases.
These results confirm the good ability of our method in finding the sparsest
portfolio. The computational time spent for solving these small problems was
very low both for algorithm MBH/FW1-RD and for CPLEX.
Then we considered the difficult portfolio problems described in [18]. For
each of the three test problems, we attempted to solve all the instances of (5.22)
obtained with the values of parameters α and β as described in subsection 5.3.
CPLEX was able to exactly solve in a reasonable amount of time only the
instances of FTSE problem. We have verified that in all instances of FTSE
problem the solutions found by CPLEX and MBH/FW1-RD algorithm were
the same. This behaviour was also quite robust, as only 4.2% of the local
minimizations in the multistart framework returned a solution with a zero norm
value worse than the optimal one.
In order to evaluate the efficiency of our solver, we choose to compare the
time our algorithm needs to compute the solution with the time spent by CPLEX
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to solve problem (5.22). However a straightforward comparison would not produce meaningful results, as CPLEX is designed to prove the optimality of the
solution, a task which is computationally very expensive and which our algorithm is unable to perform. In order to overcome such difficulty, we adopted
the following procedure. For every chosen value of α and β, we execute the
algorithm described in section 5.2, and we record the best solution x∗α,β found
and the time spent to find it. Then we execute the CPLEX solver on the same
problem using the formulation described in (5.22). However, we terminate the
program execution as soon as the current objective function value becomes equal
or less than x∗α,β

0

, and we record again the time spent by the algorithm to find

such objective function value. We execute this procedure on the FTSE, S&P
and NASDAQ problems. At the end of such runs we obtain the time needed by
both algorithms in order to find the same objective function value x∗α,β

0

on

the same problems. Then we can finally compare the average time spent by the
two algorithms which are displayed, in seconds, on the following table

Dataset

Dimension

MBH/FW1-RD

CPLEX integer formulation

FTSE

79

0.24

6.1

S&P

476

80.1

> 1 day

NASDAQ

2196

2860

> 1 day

Clearly MBH/FW1-RD algorithm outperforms CPLEX in terms of computational time. We did not have any exact time for integer formulation on the
S&P and NASDAQ problems as, for every tested value of α and β, after 1 day
of execution CPLEX was not able to reach the same Kα,β found by MBH/FW1RD, so we decided to interrupt its execution. For S&P and NASDAQ problems,
we also tried to warm-start CPLEX by supplying it with the best solution found
by our method, however it turns out that this technique does not help CPLEX
in solving the problem to global optimality.

Result validation on out-of-sample data
In this subsection we evaluate the out-of-sample performance of the sparse portfolios obtained by using the proposed concave programming strategy. Moreover,
we compare these solutions with reference to portfolio solutions obtained by using the classical Markowitz model.
First, let us briefly recall how the historical data have been used in the
experimentation. For a given set of assets, available historical data refer to a
period of 264 weeks extending from March 2003 to March 2008. The covariance
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matrix Q and the vector of expected returns µ are computed by using the first
212 weeks of the data (the training period) thus leaving out 52 weeks (from April
2007 to March 2008, the so-called out-of-sample data that we reference to as the
testing period) that we use for testing. In particular, the out-of-sample data are
used to evaluate the obtained sparse portfolios and to compare them against
other reasonable ones (e.g. the Markowitz solutions). We assess the quality of
a portfolio solution by means of a one-parameter performance measure. More
specifically, let 1, . . . , P be the weeks of the testing period, and let µ01 x, . . . , µ0P x
be the actual returns obtained by portfolio x. We indicate by µ̂ the average of
the returns of the testing period, i.e.,
µ̂(x) =

P
1 X 0
µk x
P
k=1

and by σ the standard deviation, i.e.,
v
u
u
σ(x) = t

P

1 X 0
(µk x − µ̂)2
P −1
k=1

Then, to evaluate investment x, we employ the Sharpe ratio
SR(x) = µ̂(x)/σ(x)
which yields a measure of the performance of the portfolio compared to the risk
taken (i.e. the higher the Sharpe ratio, the better the performance and the
greater the profits for taking on additional risk).
Let us denote, for a given value of β such that (5.1) is feasible, by xβ the solution of problem (5.1), i.e. the classical Markowitz problem. Furthermore, for
given values of the parameters α and β defining the risk and return constraints,
respectively, let us denote by x∗α,β the approximate solution of problem (5.4)
determined by the proposed method. In the following we make a comparison
between the solutions xβ of the Markowitz problem for varying values of parameter β and our corresponding sparse solutions x∗α,β for varying values of the
risk parameter α.
In Figure 5.1, for each dataset and for each xβ

0

, we report by a squared

marker the Markowitz solution which yields the highest SR on the testing period. Similarly, in Figure 5.1 we report, for each dataset and for each value of
x∗α,β

0

obtained by our method, the solution which yields the highest SR on

the testing period. The figures show that for small and medium size datasets,
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i.e. datasets FTSE and S&P, our solutions and those provided by the Markowitz
model are comparable in terms of number of active assets. As for the quality
of the solutions, measured by the Sharpe ratio, we note that our solutions are
comparable with the Markowitz ones on the small dataset but perform better
on the medium one. On the large dataset considered, NASDAQ, our solutions
clearly outperforms the Markowitz ones both in terms of achieved sparsity and
of portfolio quality as measured by the SR coefficient.
The computational results show that the proposed approach provides sparse
and efficient portfolios for suitable values of the expected return and allowable
risk. Therefore, it may be a useful tool for financial experts, who are responsible
for selecting appropriate values of β and α to obtain a sparse. portfolio yielding
good performance on out-of-sample data.
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Figure 5.1: Out-of-sample comparison on the datasets (top to bottom) FTSE, S&P
and NASDAQ between our solutions, denoted by dotted markers, and those provided
by the classical Markowitz model, denoted by squared markers.
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Chapter 6

Low-thrust space trajectory
optimization
The application of global optimization techniques to the design of interplanetary
trajectories has received quite some attention in the last years as it becomes increasingly evident that such a framework introduces a high level of automation
in a process that is otherwise still heavily relying on expert engineering knowledge. The systematic study of global optimization algorithms in relation to
chemically propelled spacecrafts [28, 66, 49, 87, 85, 3] has proved that efficient
computer algorithms are able to produce, for these types of spacecrafts, competitive trajectory designs. Thanks to initiatives such as the Global Trajectory
Optimization Competition (GTOC) [48] and the Global Trajectory Problem
database (GTOP) [50] of the European Space Agency, the attention of communities not traditionally linked to aerospace engineering research [1, 17, 78]
has increased bringing a beneficial influx of new ideas and solutions thus advancing the field considerably. While for problem formalizations such as the
MGA (Multiple Gravity Assist) and the MGA-DSM (Multiple Gravity Assist
with Deep Space Maneuver) [87], the advantages of using these techniques has
been proved, no convincing results have been produced so far [2] in the case of
the LT-MGA problem (Low-Thrust Multiple Gravity Assist). The optimization
problem of simple low-thrust trajectories can be solved efficiently by local optimization methods. However, on a large design space, local methods converge
to suboptimal solutions or sometimes fail to converge if a good starting guess is
not provided. On the other hand, global methods fail to provide a good solution because of the complexity of the resulting nonlinear programming problem
that, unlike the box-constrained MGA and MGA-DSM, has to deal with a high
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number of nonlinear constraints if an accurate spacecraft dynamics has to be
accounted for. Constraints in the optimization problem can be handled as an
extra penalty term in the objective function [92]. However a suitable value of
the weighting factor on the penalty is unknown beforehand. A bad choice on the
weighting factor leads to premature convergence on the objective or to infeasible
solutions. In this chapter we build on some recent work [92, 86] and we present
a global optimization framework for the LT-MGA problem where nonlinear constraints handling is incorporated in the main global optimization loop via the
algorithm hybridization with a local method. The resulting algorithm explore
efficiently the vast solution space of low-thrust trajectories thus producing a
convincing case for using global optimization techniques also in relation to the
LT-MGA problem.

6.1

Single leg problem

Before deriving any model, we first need to consider the problem of Keplerian
orbital propagation. In other words we need to compute, given a starting position and velocity, the position and velocity of a point mass subject to a central
force field describing the gravitational attraction to a massive object located in
the origin of the coordinate system. Although the shape of the resulting trajectory in known to be a conic, the analytical relation between position, velocity
and time is more complex and requires the solution of a transcendental equation
equation called the Kepler’s equation. Different methods exist, and a description of those is outside the scope of this thesis. Many known algorithms first
compute if the orbit is elliptic or hyperbolic, and then execute slightly different
instructions to handle the two cases. The parabolic trajectory is usually not
handled explicitly and is considered a degenerate case. However, if the starting
conditions are such that the trajectory is nearly parabolic, such methods often
present numerical difficulties, and the loss of accuracy strongly affects the behaviour of the solvers. Here we will briefly describe here a technique which uses
a reformulation of the problem, called the universal variable formulation, that
allows us to treat in the same way the parabolic, hyperbolic and elliptic cases,
and prevents such numerical problems from arising in the first place. For more
information about the method, we refer to [24]. The algorithm is also efficient,
but somewhat at the expense of clarity, as many of the variables used inside the
method do not represent any obvious physical property.
Let r0 ∈ R3 and v0 ∈ R3 be the starting position and velocity of the orbiting
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body. Let µ be the gravitational parameter of the central body
µ = GM
where G = 6.67384(80) 10−11 m3 kg−1 s−2 is the gravitational constant, and M
is the mass of such body. Our goal is to compute the position rt ∈ R3 and the

velocity vt ∈ R3 of the orbiting body after t units of time have passed. First,

we compute α as

2

α=

kv0 k
2
−
kro k
µ

The sign of α gives the shape of the trajectory, which is hyperbolic if α < 0,
parabolic if α = 0 and elliptic if α > 0. In the latter case, the ellipsis semimajor
axis is the inverse of α.
Then we find a value of θ such that
r00 v0 θ2 C(αθ2 )
√
+ (1 − αkr0 k) θ3 S(αθ2 ) + kr0 kθ = µt
√
µ
where S(z) and C(z) are the Stumpff functions, defined as
√
√
3


( z − sin( z)) z − 2


√
√ 
3
S(z) =
sinh( −z) − −z (−z)− 2



1

if z > 0
if z < 0
if z = 0

6

C(z) =


√
1−cos( z)



z

√

if z > 0

cosh( −z)−1
z




1

if z < 0
if z = 0

2

Next, we compute the coefficients F and G as
F =1−

θ2 C(αθ2 )
kr0 k

G=t−

θ3 S(αθ2 )
√
µ

and find rt as
rt = F r0 + Gv0
Similarly, we compute coefficients Ft and Gt as
Ft =

√

µθ

αθ2 S(αθ2 ) − 1
kr0 kkrt k
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Gt = 1 −

θ2 C(αθ2 )
krt k

(6.1)
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to finally express vt as
vt = Ft r0 + Gt v0
By using the equations above, we can define the propagation function Propµ :
R7 → R6 that, given the initial conditions, propagates a body for a given
period of time under the influence of a mass with gravitational parameter µ.

Then, [rt , vt ] = Propµ (r0 , v0 , t). Such function cannot be computed analytically
because neither equation (6.1) can. However, equation (6.1) is numerically well
behaved and can easily be solved to machine precision in a few steps of the
Newton algorithm. Apart from the degenerate points where r0 = 0 or rt = 0,
function Propµ (r0 , v0 , t) is smooth. When such degenerate cases occur, the
function is undefined. However this function will be used to propagate a vehicle
in the solar system, and if either r0 = 0 or rt = 0, the spacecraft must be located
at the center of the Sun, so we will treat those cases with generous disregard.
Finally, we note that this function can be used to propagate any body in the
solar system, be it a spacecraft or a planet.
To show a simple usage of the Propµ function, we can write a very simple
model, in which a spacecraft travels from the Earth to Mars, and is allowed to
thrust the engines at departure and at arrival. A typical objective function we
wish to minimize is the total fuel usage, or some function which is correlated
with fuel consumption. Let r0E , v0E , r0M and v0M be the Earth and Mars position
and velocities at a given epoch t0 . We introduce the variables
• t1 ∈ R, the time of departure as the number of units of time from t0
• r1E , v1E , r1S and v1S , all belonging to R3 , the positions and velocities of the
Earth and the spacecraft at time t1

• t2 ∈ R, the time of arrival as the number of units of time from t0
• r2M , v2M , r2S and v2S , all belonging to R3 , the positions and velocities of
Mars and the spacecraft at time t2
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The model can be written as
min v1S − v1E + v2S − v2M
[r1E , v1E ] = Propµ (r0E , v0E , t1 )
[r2M , v2M ] = Propµ (r0M , v0M , t2 )
[r2S , v2S ] = Propµ (r1S , v1S , t2 − t1 )

(6.2)

r1S = r1E
r2S = r2M
t2 ≥ t1
The first three equations enforce the gravitational laws on the Earth, Mars, and
on the spacecraft. The other two equalities constrain the spacecraft to start
at the Earth and end on Mars, while the last one prevents from doing the trip
backwards, from Mars to the Earth. We minimize the total difference between
the spacecraft and planets velocity, because we are assuming that the fuel usage
is proportional to the change in velocity of the body. This assumption does not
always holds. For example in solar powered engines the efficiency depends also
from the distance to the Sun. On the other hand some thrusters are powered
by the heat produced from radioactive materials, so the thrust depends on the
time elapsed from the start of the mission, since such materials slowly decay over
time. In any case, it is straightforward to write the fuel usage as a function of the
change of velocity and, possibly, other variables, and plug the correct equations
into the objective function. Finally, we note that for a working implementation,
many variables might be eliminated by substitution to reduce the problem size,
in particular the position and velocity of the planets could be computed and
substituted from the first two constraints.

6.2

Extensions

Model (6.2) can easily be extended. It is trivial to enforce simple constraints
like bounds on the departure or arrival times. Additional constraints on the
departure can be easily imposed. For example the angle between v1S and the
Earth rotation plane could be required to be small, as the launch systems always
exploit the increased initial speed given for free by the Earth’s rotation.
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6.2.1

Multiple legs and deep space maneuvers

The main limitation of model (6.2) is that it forbids the engine from thrusting during the flight. To allow this kind of deep space maneuvers, additional
variables must be introduced, regarding the position and velocities of the spacecraft when lighting the engines. We will call a leg the fraction of the trajectory
between two planets, and a segment a fraction of the leg, during which the
spacecraft can perform a space maneuver. A leg can be composed of more than
one segment. Inside a leg, between two deep space maneuvers, no force, apart
from the gravitational pull of the Sun, affects the spacecraft. Rewriting the
previous model to account for this case we obtain
min

v1S

−

v1E+

[r1E , v1E ]

+

n
X
i=1

M
S
viS+ − viS− + v(n+1)
− − vn+1

= Propµ (r0E , v0E , t1 )

M
M
[rn+1
, vn+1
] = Propµ (r0M , v0M , tn+1 )
S
S
S
S
[ri+1
, v(i+1)
∀i ∈ {1, . . . , n}
− ] = Propµ (ri , vi+ , ti+1 − ti )

(6.3)

r1S = r1E
S
M
rn+1
= rn+1

ti+1 ≥ ti

∀i ∈ {1, . . . , n}

For every deep space i maneuver we introduce variables
• ti ∈ R is the time the deep space maneuver is performed
• ri ∈ R3 is the position of the spacecraft at the time the deep space maneuver is performed

• vi− ∈ R3 is the velocity of the spacecraft just before the deep space maneuver is performed

• vi+ ∈ R3 is the velocity of the spacecraft immediately after the deep space
maneuver is performed

6.2.2

Planetary swingby

A planetary swingby happens when the spacecraft gets so close to a planet that
the planet’s gravitational pull becomes much stronger than the Sun’s, and such
force can be used to alter the speed direction. Since the amount of time spent
in the neighbourhood of a planet is so small with respect to the total time of
a mission, we can consider that in our model swingbys happen instantly. At
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a given time t, let rP and v P be the planet position and velocity, rS be the
S
spacecraft position, v−
be the spacecraft velocity just before the swingby and
S
v+
be the spacecraft velocity just after the swingby. The following constraints

must be imposed
rP = rS
P

v −

S
v−

(6.4)
= vP −

S
v+

(6.5)

Equation (6.4) is obvious and forces the spacecraft and planet positions to coincide at the moment of the swingby. Equation (6.5) derives form the fact that
gravity is a conservation law, and it cannot be used to gain energy with respect
to the attractor body. The only reason why planets can actually be used to
change the velocity of the spacecraft with respect to the Sun is that planets are
not stationary. Under the assumption that planets are point mass objects, such
equations describe all the possible swingbys that can happen. In practice however many of such orbits must pass so close to the center of the planet that the
spacecraft trajectory would intersect the planet sphere. Assuming that equation
S
S
and the minimum distance from the
and v+
(6.5) holds, the angle θ between v−

center of the planet rmin are related by the following equation
θ = 2 arcsin

!

1
S
1 + rmin vP − v−

2

/µP

(6.6)

where µP is the gravitational constant of the planet. rmin must obviously be
greater than the radius of the planet, plus a safety margin.

6.3

Low thrust engine

The trajectory model that is to be used to transcribe an LT-MGA trajectory
optimization into a nonlinear programming problem (to be solved by global optimization methods) is crucial to the success of the overall algorithm one wants
to produce. Criteria to be accounted for include accuracy in the description of
the spacecraft dynamics, computational efficiency in the objective function and
constraints evaluation, problem dimension and number of nonlinear constraints
produced. Bearing these issues in mind, we propose to use a version of the
trajectory model proposed by Sims and Flanagan [79]. Figure 6.1 briefly illustrates such a trajectory model. A trajectory is divided into legs which begin
and end with a planet. Low-thrust arcs on each leg are modeled as sequences of
impulsive maneuvers ∆Vi connected, using the Propµ function, by conic arcs.
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Matchpoint
Planet
Segment midpoint
Impulsive V
Segment boundary
ΔVN

Smb
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ΔV3
ΔV2
ΔV1

Figure 6.1: Impulsive ∆V transcription of a low-thrust trajectory, after Sims and
Flanagan [79]

We denote the number of impulses for a given arc (which is the same as the
number of segments) with N . The ∆Vi at each segment, equal to viS− − viS+

should not exceed a maximum magnitude, ∆Vmax , where ∆Vmax is the velocity
change accumulated by the spacecraft when it is operated at full thrust during
that segment
∆Vmax = (Tmax /m)(tf − t0 )/N

(6.7)

where Tmax is the maximum thrust of the low-thrust engine, m is the mass of
the spacecraft, t0 and tf is the initial and final time of a leg.
The spacecraft mass is propagated using the Tsiolkovsky rocket equation
[84]
mi+1 = mi e(−∆Vi /(g0 Isp ))

(6.8)

where the subscript i is used to refer to the mass and ∆V on the i-th segment,
g0 is the standard gravity (9.80665 m/s2 ), and Isp is the specific impulse of the
low-thrust engine.
At each segment, trajectory is propagated using the Propµ equation as seen
in section 6.2.1. Swingbys maneuvers are modeled using the equations in section
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6.2.2.

6.3.1

Optimization problem

Using all the elements previously introduced, we can finally write an optimization model for a low thrust trajectory with multiple swingbys. Let L be the
number of legs, and let Sl be the number of segments of the l-th leg. For every
leg, the following variables are used
• rli ∈ R3 , rlf ∈ R3 are the Cartesian positions of the spacecraft at the
beginning and at the end of the leg.

• vli ∈ R3 , vlf ∈ R3 are the spacecraft velocity at the beginning and at the
end of the leg.

• mil ∈ R, mfl ∈ R are the spacecraft mass at the beginning and at the end
of the leg.

• tl is the time spent in leg l.
• ∆vl,s ∈ R3 , for every segment s in the leg, is the change in velocity
provided by the spacecraft engine.

• Except for the last leg, where no swingby is executed, rlswingby is the

minimum distance from the spacecraft to the center of the planet during
the maneuver.

For convenience in the model, we define a function Proplegµ that propagates, in sequence, a spacecraft through all the segments which compose a leg.
Proplegµ takes as arguments the starting position, velocity and mass, the total
time t of the leg, one ∆v ∈ R3 vector for each segment, and computes the final

position, velocity and mass of the spacecraft after the leg. Starting from the
initial position, for every segment we must propagate the body up to the middle,
then apply a DSM and propagate for the remaining time. Let r, v, m denote
the current position, velocity and mass. Those variables are initially set to the
starting values. For every segment, which lasts for an amount of time equal to
t/Sl
1. We propagate the spacecraft up to half the segment time, using [r, v] =
Propµ (r, v, t/(2Sl )). The mass m is kept constant.
2. We instantaneously apply the DSM. This does not change the spacecraft
position r. The velocity is modified by v = v + ∆vi , where ∆vi is the
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change in velocity for segment i. The mass is updated using equation
(6.8) to account for the spent fuel.
3. We propagate the spacecraft to the end of the segment, using again equation [r, v] = Propµ (r, v, t/(2Sl )).
Finally, the updated values of r, v, m are returned. As an implementation related
note, the Propµ function satisfies property 6.1, which can be used to reduce the
number of times the Propµ function is computed from 2Sl to Sl + 1 times, by
computing simultaneously the last half of every segment with the first half of
the following one.
Property 6.1. Let r1 , r2 , r3 , v1 , v2 , v3 all belonging to R3 , and let t1 , t2 ∈ R+ .

Then if

[r2 , v2 ] = Propµ (r1 , v1 , t1 )
[r3 , v3 ] = Propµ (r2 , v2 , t2 )
it holds
[r3 , v3 ] = Propµ (r1 , v1 , t1 + t2 )
Note that the Proplegµ function does not limit the thrust of the spacecraft.
For low thrust engines this is a very unrealistic assumption, so the following
additional constraint must be imposed for every segment
k∆vi k ≤

Tmax t
mi N

(6.9)

where Tmax is the maximum power of the engine, t is the total time of the leg,
mi is the current mass of the spacecraft during the i-th segment and N is the
number of segments for the leg. Such constraints are cheaper to compute while
executing the Proplegµ function, as this avoids to evaluate twice the values of
mi .
Our objective is to minimize the total fuel consumption or, equivalently, to
maximize the final mass of the spacecraft.
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max mf

(6.10)

subject to, for every leg l
[rlf , vlf , mfl ] = Proplegµ (rli , vli , mil , tl , ∆vl,1 , . . . , ∆vl,Sl )
k∆vl,s k ≤

Tmax tl
ml,s Sl

∀s ∈ {1, . . . Sl }

i
rl+1
= rlf = rlP

mil+1 =

(6.11)
(6.12)
(6.13)

mfl

(6.14)

vlf

i
(6.15)
− vlP
− vlP = vl+1




f
P 0 i
P
(v − vl ) (vl+1 − vl )
1

 = 2 arcsin 
arccos  l


2
f
i
P
P
swingby
f
P
P
vl+1 − vl
vl − vl
1 + rl
vl − vl /µl

(6.16)
rlswingby ≥ rlmin

(6.17)

Equation (6.11) imposes the trajectory constraints from the beginning to the
end of every leg, equation (6.12) forbids the engine to thrust more than its
maximum power allows. Equations (6.13) and (6.14) simply state that at every
swingby the position of the spacecraft must coincide with the one of the planet,
and that the spacecraft mass is not affected by the maneuver. Equations (6.15)–
(6.17) put a constraint of the swingby, and can be disregarded for the last leg,
if no swingby is performed. Additional mission dependant constraints must be
usually imposed, such as limits on the times, and constraining the spacecraft
starting velocity with respect to the Earth to the maximum escape velocity that
the launcher is able to provide.

6.4

Global optimization algorithms

The proposed transcription of the LT-MGA problem is a continuous, constrained, nonlinear optimization problem. Since such class of problems usually
present local minimizers that are not global, they are often unsolvable using only
local optimization algorithms. Practical experience shows that this is often the
case with trajectory optimization problems, regardless of the propulsion type.
Thus, local solvers must be used inside a global optimization strategy in order
to achieve solutions which are as close as possible to the optimal ones. Here we
describe three different approaches that have been tried on such problem, one

91

CHAPTER 6. LOW-THRUST SPACE TRAJECTORY OPTIMIZATION

of which, the Basin Hopping algorithm, have already been used in section 5.2.
Let us first define some procedures that the algorithms will use.
• G() is a procedure that randomly generates a starting point. Ideally, we
would like the point to be uniformly distributed on the feasible region,

but since our problem’s feasible set is of a very small size, and generating
a point inside such region is a hard problem by itself, we used a procedure that uniformly generates points into a reasonable box containing the
feasible region.
• S(x) is a procedure that, given a point x, computes a local minimizer of

the objective function, taking x as an initial guess. For our tests we will

use a software package called SNOPT [39] [38] for our tests, which is based
on sequential quadratic programming (SQP).
• Best(x, y) is a procedure that, given two solutions x and y, returns the
best one according to a fixed rule. Since we are dealing with a constrained
optimization problem, Best(x, y) chooses the point with the lower constraint violation norm value. In case both points are feasible, then the
point with the lower objective function value is chosen instead.
The first and most simple algorithm is called Multistart (MS), which directly optimizes the points obtained by a generator. Algorithm 16 describes
Multistart.

Although for N big enough and reasonable choices of G, S and

Algorithm 16: Multistart
x? ← G();
2 for i ∈ {1, . . . , N } do
3
x ← G();
4
y ? ← S(x);
5
x? ← Best(x? , y ? );
6 end
1

Best, Multistart will eventually converge to the global solution, the extremely
slow convergence rate renders this algorithm unfit for the vast majority of global
optimization problems. However, because of its simplicity, this algorithm can
be effectively used as a baseline to compare other solvers to.
The second algorithm is called Basin Hopping (BH), or Iterated Local Search
[58]. In addition to the procedures previously used by Multistart, Basin Hopping
needs a procedure P(x) that, given a point x, returns another point randomly

generated in a conveniently defined neighborhood of x. BH is described in
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algorithm 17. In other words, after a local optimization, instead of generating
Algorithm 17: Multistart Basin Hopping
1 xbest ← G();
2 for i ∈ {1, . . . , N } do
3
x ← G();
4
x? ← S(x);
5
k ← 0;
6
while k < M N I do
7
y ← P(x? );
8
y ? ← S(y);
9
if Best(y ? , x? ) = y ? then
10
x? ← y ? ;
11
k ← 0;
12
end
13
else
14
k ← k + 1;
15
end
16
end
17
xbest ← Best(xbest , x? );
18 end

a new point inside the whole feasible region like in Multistart, we restrict the
generation inside a small region centered on the current best point. If, as it
happens with real life problems, the good solutions are clustered together, there
is a good chance that the series of perturbations and re-optimizations will lead
to the best solution contained inside the cluster [88] [89] [56] [44]. A new point
is then generated from the whole feasible set only when no improvement has
been made for a number of times equal to a fixed parameter called Max No
Improve (M N I), which has been set to 500 during our runs. The choice of the
perturbation function usually determines the Basin Hopping performance. A
typical rule is to choose a new point inside a small box or sphere centered on
the current point, but problem knowledge, if available, can be used to better
tune the perturbation. As an example, when only two different planets are
considered, we can expect that by shifting a solution in time by a period equal
to the synodic period of such two planets, solutions that are similar (and maybe
better) than the current one could be found. So the perturbation rule we used
is composed by the following two steps
1. for each variable xi and its lower and upper bounds li and ui , add to xi a
value uniformly chosen in the interval [−r(ui − li ), r(ui − li )] with a small

given value of r.

2. with a low probability p, shift the solution in time, either forward or
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backward with equal probability, by a time length equal to the synodic
period.
In our experiments, we used r = 0.05 and p = 0.1.
Finally, the Simulated Annealing (SA) with Adaptive Neighborhood has
been used. The algorithm structure is similar to Basin Hopping, with some
important differences in key parts of the algorithm, which are quickly described
here. For a more complete description we refer to [54] [23].
First of all, the comparison in line 9 is modified to allow for non monotonicity. The problem is transformed to an unconstrained optimization problem by
using a penalty function to account for constraints violations. Then, Best(x, y)
returns x with probability 1 if f (x) ≤ f (y), or with probability e(f (y)−f (x))/T if

f (x) > f (y). T is the temperature parameter, which is exponentially decreased
every fixed number of iterations.
Furthermore, the perturbation procedure P is adaptive, meaning that the

radius of the perturbation is adjusted at every iteration. Such r value is increased each time the generated point is accepted, and decreased each time the
point is refused.
Finally, the local optimization S is not executed at each step of the algorithm,

but just once at the end, starting from the point returned by the Simulated
Annealing with Adaptive Neighborhood.
In our tests, the temperature parameter T starts at 10 and is multiplied
by 0.8 every 100 iterations. The starting perturbation radius r0 is equal for
each variable to 0.05 times the width of the box, and every K iterations a new
value rk+1 is obtained from rk using the following rule. Let ρ be the number of
accepted steps in the last K iterations, divided by K. Then

rk+1


 
ρ − 0.6

k

r 1+
if ρ > 0.6


2


k
r
=
if ρ < 0.4

 1 + 0.4−ρ

2


 k
r
otherwise

We used K = 10, and the maximum number of iterations was set equal to 2000.
All the code was written in C++, and compiled with gcc on a GNU/Linux
environment.
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6.5
6.5.1

Numerical results
Nuclear electric propulsion mission to Jupiter

We demonstrate the application of our global optimization framework to perform preliminary design of trajectories for a mission that employs nuclear electric propulsion (see Table 6.1). The spacecraft is assumed to have a thruster
Table 6.1: Parameters for a Nuclear Electric Propulsion Mission

Parameters
Initial mass of the spacecraft
Maximum thrust
Specific impulse
Launch date
Launch V∞
Maximum time of flight
Minimum flyby radius

Values
20, 000 kg
2.26 N
6, 000 s
Jan. 1, 2020 – Jan. 1, 2030
≤ 2.0 km/s
10 years
7, 000 km

with a constant maximum thrust and a constant specific impulse, with similar
hardware parameters to the Jupiter Icy Moons Orbiter [41, 91, 96, 95, 70] (a
canceled mission originally proposed by NASA in 2003). In our example scenario, we consider a planetary encounter sequences of Earth-Earth-Jupiter (i.e.,
one Earth flyby) which rendezvous at Jupiter.
Our approach begins with the three global optimization algorithms solving
an Earth-Earth-Jupiter rendezvous problem which maximizes the final mass
(see equations (6.10)–(6.17)). We use ten segments (N = 10) for each leg and
the dimension of this problem is 75 with 35 nonlinear constraints (as we choose
Cartesian coordinates to encode the velocities, the constraints on the ∆V magnitude are quadratic and thus increase the number of nonlinear constraints). We
first let the global optimizers run for a fixed time (∼5 hours for each algorithm)
on a PC (AMD Turion@2.1 GHz with 3GB of RAM), which produced hundreds
of trajectories. Then we select feasible solutions for which the norm of the
constraint violation vector is less than 10−6 . Table 6.2 summarizes the results
found by the three global optimizers. We notice that many solutions found by
Simulated Annealing and Multistart fail to converge and therefore the number
of solutions is less than Basin Hopping. Figure 6.2 plots the comparison of the
three algorithms, which shows that results found by Basin Hopping always have
higher final mass than the other two methods, while Simulated Annealing and
Multistart have similar performance.
Figure 6.3 plots the x-y projection of a trajectory found by Basin Hopping
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Table 6.2: Algorithm Statistics for the E-E-J Mission

Algorithm
Best (kg)
Worst (kg)
Mean (kg)
Mean best 10 (kg)
Std (kg)
No. of sol. above
95% best (16, 246 kg)
No. of sol. above
90% best (15, 391 kg)
Total no. of solutions

Basin Hopping
17, 102
10, 913
16, 235
17, 039
1, 345
137

Simulated Annealing
17, 019
11, 924
16, 302
16, 912
1, 160
19

Multistart
16, 961
11, 900
15, 930
16, 715
1, 320
11

155

22

14

183

24

18

with the highest final mass. On the plot, the solid and dash curves represent
thrusting and coasting segments, respectively; while a ∆V is shown as an arrow
in the midpoint of a segment. In this example, the spacecraft leaves the Earth
on November 12, 2021 with a V∞ of 2 km/s. It enters an 4:3 resonance orbit
with a period of ∼ 1.3 years and goes around the Sun for 3 revs, before it flybys

the Earth after 3.8 years with an increased V∞ of 8.5 km/s. After the gravity
assist at the Earth, its aphelion increases for the transfer to Jupiter. After 7.4
years of interplanetary flight, the spacecraft rendezvous at Jupiter on March 24,
2029 with a final mass of 17,102 kg.
Besides the value of the objective function (final mass), it is also interesting
from a mission design point-of-view that the optimization process is able to
find trajectories that launch on different dates. In our example in Fig. 6.4, the
difference in the final mass is less than 200 kg (or 1% of the initial mass) for most
launch periods. The 1% penalty of the final mass gives flexibility to the mission
designer to choose a different date in case there is a change in the mission.
The process is also able to locate various locally optimal trajectory families,
which is interesting from an astrodynamics point-of-view. From Fig. 6.5, we
note that the ‘clusters’ of solutions belong to different Earth-Earth resonance
transfer orbit. For example, 1:1 resonance with flight time ∼400 days, 2:3

resonance with flight time ∼800 days, and 3:2 resonance with flight time ∼1100
days. Unlike the case in the ballistic transfer, in the low-thrust transfer case,

the Earth-Earth flight time does not exactly equal to some integer multiple of
Earth’s orbital period and the spacecraft does not encounter the Earth at the
same position from launch. However the mechanism in the low-thrust case is
similar to the chemical case [81], where the V∞ at the second Earth encounter
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Figure 6.2: Cumulative number of solutions for the E-E-J mission

is increased through some small maneuvers.

6.5.2

Nuclear electric propulsion mission to Mercury

Our second test case is a mission to Mercury, inspired from the BepiColombo
mission [97]. The planetary encounter sequence is Earth-Venus-Venus-MercuryMercury-Mercury (EVVMMM) and the mission parameters are given in Table 6.3. The mission parameters have been subject to many changes since the
Table 6.3: Parameters for a Mission to Mercury

Parameters
Initial mass of the spacecraft
Maximum thrust
Specific impulse
Launch date
Launch V∞
Arrival V∞
Arrival date
Minimum flyby radius

Values
1, 300 kg
0.34 N
3, 200 s
Aug. 1, 2009 – Apr. 27, 2012
≤ 1.925 km/s
≤ 0.5017 km/s
No later than Nov. 26, 2021
1.1 Rplanet

original concept. Here we consider the mission as was described in a 2002 re-
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Figure 6.3: Trajectory plot of an Earth-Earth-Jupiter rendezvous mission

port from the European Space Operations Centre [53]. Unlike the solar electric
propulsion (SEP) used in the BepiColombo mission, we do not model the SEP
engine in our test but rather assume the thrust and specific impulse to be constant. In comparison with the first case, the number of flybys increases from
1 to 4 and the dimension of the problem increases to 222 with 99 nonlinear
constraints. Also, we do not strictly require a rendezvous with Mercury with a
V∞ of zero, but the spacecraft is allowed to have a 0.5 km/s speed difference
with respect to the planet.
Because of the added complexity, we allowed the global solvers to run for
a longer time (∼48 hours), and we used a more performant machine (Intel
Xeon@2.66 GHz with 8 GB of RAM). The test results are summarized in Table 6.4. Basin Hopping found more than three hundred locally optimal solutions,
of which more than 80 are above 90% of the best solution; while Multistart found
double the number of solutions than Basin Hopping, but with fewer high final
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Figure 6.4: E-E-J solutions with various launch dates

mass trajectories (e.g. only 30 solutions are above the best 90%). Simulated
Annealing only found about one hundred locally optimal solutions and with less
good quality solutions than the other two algorithms.
From Figs.

6.6 and 6.7, we note that the first one third of the solutions

have a high final mass (over 900 kg) and it covers many launch opportunities
within the search space.

If we do not restrict the analysis to the solutions

that are also locally optimal, then the range of launch opportunities increases
even more. The trajectory of the ‘best’ solution (with the highest final mass) is
plotted in Fig. 6.8. Here the spacecraft leaves Earth on April 13, 2010, performs
two flybys at Venus to lower its orbit, then encounters Mercury twice to lower
its V∞ to 0.5 km/s before it arrives on Sept 5, 2015. Comparing such trajectory
with the one described in the BepiColombo early mission planning stage, we
note that our results are comparable with those described in [53] (as cited in
[37]) with regard to the overall shape of the optimal trajectory, which includes
the planetary resonances, the times of flight, and the engine thrust periods, but
have been obtained using a completely automated process.
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Figure 6.5: E-E-J solutions with various Earth-Earth transfer times

Table 6.4: Algorithm Statistics for a Mission to Mercury

Algorithm
Best (kg)
Worst (kg)
Mean (kg)
Mean best 10 (kg)
Std (kg)
No. of sol. above
95% best (1, 011 kg)
No. of sol. above
90% best (958 kg)
Total no. of solutions

Basin Hopping
1, 064
101
724
1, 051
277
35

Simulated Annealing
988
111
522
917
253
0

Multistart
1, 052
100
530
1, 032
261
1

88

14

31

345

94

756
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Figure 6.6: Cumulative number of solutions for the EVVMMM mission
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Figure 6.7: EVVMMM solutions with various launch dates
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Figure 6.8: Trajectory plot of a mission to Mercury
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Chapter 7

Conclusions
This thesis presented a set of techniques, mainly focusing on decomposition
methods, to handle large scale problems. We focused our attention both on
the theoretical aspects of the algorithms, and on the application to real world
problems.

Decomposition methods
Regarding decomposition methods, we described and presented convergence
proofs to a wide range of possible decomposition strategies. Such possibilities are actually exploited in many algorithms but, in most cases, no rigorous
convergence analysis was performed. In chapter 3 we contributed in filling such
gap by presenting a set of theorems which prove convergence for those algorithms. Furthermore, in section 3.2 we partially settled an open problem about
the convergence of some methods that can be used for SVM training. The results here presented have also been successfully used in the later chapters to
solve problems regarding network equilibrium on graphs.

Network equilibrium problems
In chapter 4 of this thesis we have considered the class of path-based optimization problems, motivated by the fact that this formulation allows us to deal with
both additive and nonadditive path costs. We have proposed convergent inexact
decomposition algorithms for a more general class of convex problems defined
on the Cartesian product of convex sets. On the basis of the general framework studied, specific algorithms for network equilibrium problems have been
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presented. As well as the widely used Frank-Wolfe method, the proposed algorithms have global convergence properties, are simple to implement, represent a
viable strategy in terms of memory consumption (at least for medium/large networks), and show a good efficiency in comparison with the Frank-Wolfe method.
This latter fact is not surprising, however, due to their comparable simplicity,
the presented algorithms can be easily implemented, and this represents a valuable characteristic for practitioners interested to manage their own code.
Concerning mathematical programming issues, we remark that most of the
existing algorithms are tailored on the specific application of network equilibrium problems, and possible extensions to deal with similar classes of problems
are not immediate. Thanks to the general basic framework developed in section
4.1, the approach proposed in this work can be extended, with a reasonable effort, to design optimization algorithms for a general class of large scale problems
of the form
min f (x)
x

a0 x = b
l≤x≤u
This class of problems includes important applications, like Support Vector Machine training problems, portfolio selection problems, a continuous formulation
of the maximum clique problem, and is a current important topic in the field of
mathematical programming as pointed out in a very recent paper [40].

Portfolio selection
In chapter 5 we have shown how to design a novel algorithm to solve, in a quite
efficient way, the problem of choosing the sparsest portfolio which guarantees
prefixed expected return and risk. From the point of view of optimization algorithms, the proposed approach can be seen as a general method to deal with
sparse optimization, not necessarily related to portfolio optimization. Starting
from a continuous equivalent formulation of the original discrete problem, the
tools employed are Frank-Wolfe method as a local optimizer and iterated local
search as a global method. We have seen that an efficient algorithm can be defined by exploiting a concave formulation. Applying this computational scheme
to the sparsest portfolio problem, it turns out that the achieved computational
efficiency is orders of magnitude higher than the one obtained by using a state
of the art solver for an equivalent mixed integer formulation. So the first result
regarding sparse portfolio optimization is having introduced a new optimization technique whose efficiency is significant for the class of sparse optimization
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problems over the intersection of a polytope with an ellipsoid. Moreover, we
have shown that, when applied to optimal portfolio problems, this approach
is capable of producing high quality portfolios, achieving a very good Sharpe
Ratio, in particular when applied to datasets consisting of a large number of
assets.

Space trajectory optimization
In chapter 6 we successfully applied global optimization techniques to achieve
the automated design of two instances of multiple gravity assist low-thrust interplanetary trajectories within a ten year wide launch window. The first mission
is the Jupiter Icy Moons Orbiter, later canceled by NASA, planned for the insertion of a spacecraft into an orbit around Jupiter, with the goal of collecting
data about some about the planetary moons. The second one is BepiColombo
mission to Mercury, scheduled to launch in 2014 which, in addition to performing measurements on the planet itself, will also be used to test some aspects of
general relativity. The use of our technique is not limited to the two particular
problems here studied as it rests upon a general interface between the SimsFlanagan trajectory model and a global optimization layer hybridized with a
local search as to deal efficiently with the nonlinear constraints. The resulting
method makes no use of expert knowledge and starts from randomly generated
trajectories, thus achieving a completely automated design process.
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Linesearches
A.1

Armijo linesearch

In this section, for sake of completeness and to ease the reader, we recall some
known results about Armijo-type line search algorithm.
Let f : Rn → R be a smooth function, and let x, d ∈ Rn . An Armijo-

type line search algorithm is described below.

We report, without proof, the

Algorithm 18: Armijo linesearch
Data: f : Rn → R, x ∈ Rn , d ∈ Rn , ∆ > 0, δ ∈ (0, 1), γ ∈ (0, 1)
1 j ← 1;
j
2 α ← ∆;
j
j
0
3 while f (x + α d) > f (x) + γα ∇f (x) d do
j+1
j
4
α
← δα ;
5
j ← j + 1;
6 end
j
7 return α ;

following theorem
Theorem A.1. If d is a descent direction at x, then the Armijo linesearch
algorithm terminates in a finite number of iterations, returning a value α such
that
f (x + αd) ≤ f (x) + γα∇f (x)0 d

(A.1)

and such that either α = ∆ or
f (x +

α
α
d) > f (x) + γ ∇f (x)0 d
δ
δ

Finally, we report in theorem A.2 the widely known convergence result about
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the repeated use of the Armijo linesearch
Theorem A.2. Let f : Rn → R be a smooth function. Let {xk } ⊂ Rn , {dk } ⊂

Rn , {∆k } ⊂ R and {αk } ⊂ R be sequences such that
(a) f (xk+1 ) ≤ f (xk + αk dk )
(b) ∇f (xk )0 dk < 0
(c) There exists a forcing function σ such that
∆k ≥

1
σ
kdk k



|∇f (xk )0 dk |
kdk k



(d) αk is computed by the Armijo linesearch algorithm on f, xk , dk , ∆k and
some fixed δ and γ.
Suppose also that the level set L(x1 ) is a compact. Then it holds
(i) f (xk+1 ) < f (xk )
(ii) limk→∞

∇f (xk )0 dk
kdk k

=0

Proof. Point (i) immediately follows from equation (A.1), and from hypothesis
(a), (b) and (d). Let us prove thesis (ii). From equation (A.1) it holds
f (xk ) − f (xk+1 ) ≥ γαk dk

|∇f (xk )0 dk |
kdk k

Since f is continuous and L(x1 ) is compact, f must be bounded below. Then

from point (i) it must hold

lim f (xk ) − f (xk+1 ) = 0

k→∞

which implies
|∇f (xk )0 dk |
=0
kdk k

lim γαk dk

k→∞

(A.2)

Suppose by contradiction that (ii) is false. Then it must exist η > 0 such that
∇f (xk )0 dk
= −η
k→∞
kdk k
lim

(A.3)

Then, by equation (A.2) we can write
lim αk dk = 0

k→∞
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Suppose that, for k big enough, it always holds αk = ∆k . Then
∆

k

d



k

≥σ

|∇f (xk )0 dk |
kdk k


(A.5)

which contradicts either equation (A.3) or equation (A.4). Then by theorem
A.1, there must exist an infinite number of iterations where

α
α 
f x + d > f (x) + γ ∇f (x)0 d
δ
δ

(A.6)

Since also for every k the value
∇f (xk )0 dk
kdk k
is bounded, there must exist an infinite subsequence K ⊆ N, x̂ ∈ Rn , dˆ ∈ Rn

such that

lim

k→∞,k∈K

xk = x̂

lim

k→∞,k∈K

∇f (xk )0 dk
= dˆ
kdk k

and such that, for every k ∈ K, αk < ∆k = 1. By the mean value theorem we
can write



αk k
αk
k
f x +
d
= f (xk ) +
∇f (z k )0 dk
δ
δ

with
z k = xk + θ k

αk k
d
δ

(A.7)

for some θk ∈ (0, 1)

Merging equations (A.6) and (A.7) we obtain
∇f (z k )0 dk > γ∇f (xk )0 dk
or

∇f (z k )0 dk
∇f (xk )0 dk
>
γ
kdk k
kdk k

(A.8)

But from equation (A.4) it follows
lim

k→∞,k∈K

zk =


lim

k→∞,k∈K

xk + θ k

αk k
d
δ


= x̂

Taking k to infinity in equation (A.8) we conclude that
∇f (x̂)0 dˆ ≥ γ∇f (x̂)0 dˆ
which contradicts the fact that γ < 1 and proves the theorem.
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A.2

Quadratic linesearch

The quadratic linesearch can be used instead of the Armijo linesearch along a
descent direction. Although the algorithms are very similar, the convergence
properties are different.
Let f : Rn → R be a smooth function, and let x, d ∈ Rn .

The quadratic

Algorithm 19: Quadratic linesearch
Data: f : Rn → R, x ∈ Rn , d ∈ Rn , ∆ > 0, δ ∈ (0, 1), γ > 0
1 j ← 1;
j
2 α ← ∆;

2
j
j 2
3 while f (x + α d) > f (x) − γ α
kdk do
j+1
j
α
4
← δα ;
5
j ← j + 1;
6 end
j
7 return α ;

linesearch algorithm differs from algorithm 18 only for the condition in line A.2.
It is trivial to prove that the stepsize will go to zero.
Theorem A.3. Let f : Rn → R be a smooth bounded function, and let {dk } ⊂

Rn , x0 ∈ Rn and xk+1 = xk + αk dk , where αk is computed through algorithm
A.2. Then

lim αk dk = 0

k→∞

Proof. The sequence {f (xk )} is decreasing and bounded, so it must hold
lim f (x + αj d) − f (x) = 0

k→∞

The algorithm ensures that, for every k
f (x + αj d) − f (x) ≤ −γ αj

2

2

kdk

which implies the thesis.
Theorem A.4. Let f : Rn → R be a smooth bounded function, and let {dk } ⊂

Rn , x0 ∈ Rn and xk+1 = xk + αk dk , where αk is computed through algorithm
A.2. Then

lim ∇f (xk )0 dk = 0

k→∞

(A.9)

Proof. Let us partition N into a possibly infinite number of infinite subsets such
that, for every subset K, either
(i) for every k ∈ K, αk = ∆
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(ii) for every k ∈ K, αk < ∆ and there exist x̄ and d¯ such that
lim

k→∞,k∈K

xk = x̄

lim

k→∞,k∈K

dk = d¯

We will prove the theorem by showing that equation (A.9) holds for every such
K.
Suppose case (i) holds. Then from theorem we can see that dk

goes to

zero, and this proves the thesis.
Suppose case holds. Then from line of algorithm we can deduce that

f
or

αk k
d
x +
δ
k


f xk +



> f (x ) − γ

αk k
δ d
αk
δ



k



− f (xk )

kdk k

αk
δ

> −γ

2

dk

2

αk k
d
δ

By the mean value theorem

f xk +

αk k
δ d



αk
k
δ kd k

with
z k = xk + θ k

− f (xk )

αk k
d
δ

= ∇f (z k )0 dk

(A.10)

for some θk ∈ (0, 1)

Then
∇f (z k )0 dk > −γ

αk k
d
δ

(A.11)

By the definition of z k and theorem A.2 we can write
lim

k→∞,k∈K

zk =

lim

k→∞,k∈K

xk = x̄

so, taking the limit of equation (A.11) we obtain
∇f (x̄)0 d¯ = 0

(A.12)

Then, from theorem 2.3 we can infer that the function in equation (A.12) is
continuous, and this implies the thesis.
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