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� N � =�� ��0 
 } � ��I 9&R � I P�7

w �"&ty
s�%�y�3
kx��uxbe{�bgj�f w y
b�z s^y
b � {�s�� s^y
b ces^j�j�bd����s^y�uxbgy�ceb�h�be{4% bgbgy { ! b bgo bgf bgyW{v��s,� { ! b�� be{ .$7 z,y�u { ! bbgo bgf bgyW{v�-s,� N�� =�� � 0 
 } � ��I 9&R^�
npy0{ ! b 
^bgy
bgjvz,o � be{ {�w y�
`s,���-qBA �p��#x��{�bgf ��	 % b %�w o o'��z7#`{ ! z|{ {4% s`�-qBA �p��#x��{�bgf � � � I} . � 0 � � � /�� z,y�u � < I } . � 0 � � 
 � /�
 � z,j�b 0�1��B�����#/ 0���
5w � �`z,y�u � 
5z,j�b �-qBA s���bgjvz|{�s^jv�1% ! w c !uxbd��cej�w h�b { ! b'j�bdc �
jv� w �^b�
^j�s�%-{ ! s,�-{ ! b�ceo z^���/.Cz^cgces^jvuxw y�
�{�s�{ ! b���z,f b1��z,jvz,f be{�bgj10
� -�y b�D �z,f��
o b�s,�!{4% s b����
w �|z,o bgyW{I�-qBA �p��#x��{�bgf � w � 
^w �^bgy�	xh)#�{ ! b�{4% s �-qBA`s���bgjvz|{�s^jv��� s^j � jvz,y�u �pa #xc &

��z|{ ! ��	��
j�bd� bgyW{�bdu'j�bd����bdc {�w �^bgo #�w y ~ z,jvz�
^jvz�� ! kx� m#z,y�u�w y 0 bdc {�w s^y . s,�
{ ! b(�
j�bd� bgyW{5q ! z��x{�bgjd�n � � � z,y�u � < z,j�b-b����
w �|z,o bgyW{��-qBA �p��#x��{�bgf ��	|{ ! bgy s^h)�tw s���� o #�{ ! bIz^��� sxcew z|{�bdu�����cgcebd��� w s^y�j$�
o bd�/Mz,y�uA/�
�z,j�b�b����
w �|z,o bgyW{d�(��s^j�bgs��^bgj�	 w { f z7# sxcgc �
j�{ ! z|{ /5I /�
�	�{ ! s���
 ! �%z,y�u � 
-h�bgw y�
uxw - bgj�bgyW{�s���bgjvz|{�s^jv��s^y(. �i�TD
z,f��
o bd�Is,��{ ! w ��&tw y�u z,j�b ces^f f s^y w y o w {�bgjvz|{$�
j�b��Iz^�#z'f z|{ {�bgj#s,��4z^c {�	�{ ! bgj�b�� b��^bgjvz,o uxw - bgj�bgyW{ �-qBAMs���bgjvz|{�s^jv��� s^j a #xc & ��z|{ ! ��	�z,o o-z^��� sxcew z|{�bdu %�w { ! { ! b ��z,f b����cgcebd��� w s^y�j$�
o b�# m�G^l&% 	
+, - } m2�

}38 � 9 } k^� 	
	
	g}3821 m2� 	
} kx� GW�

AIy { ! bIs,{ ! bgj � w uxb�	)% bIcgz,y ! z7�^b�{ ! z|{�{4% siuxw - bgj�bgyW{-ceo z^��� bd��s,�
ces^fih
w y�z|{�s^j�w z,o
s^hFC�bdc {v�G.0z,y�u
. 
 z,j�b5bgy)�
f bgjvz|{�bdu 	
z^cgces^jvuxw y�
 {�s uxw - bgj�bgyW{ ��z,jvz,f be{�bgjv�30�z,y�u 0 
 	
h)# { ! b ��z,f b#����cgcebd��� w s^y'j$�
o b/5� npy�{ ! w ��cgz^� b�	t{ ! b �-qBA �p��#x��{�bgf �

� � I } . � 0 � � � /�� � � < I } . 
 � 0 
 � � 
 � /��
uxb ��y
b z�y�z|{$�
jvz,o h
w C�bdc {�w s^y�h�be{4% bgbgy�{ ! b�bgo bgf bgyW{v�-s,��. z,y�u:. 
 ����s^j�b2�
j�bdcew � bgo #�	�% b���z7# { ! z|{Iz� �
y�c {�w s^y	� �@. 4 . 
*w ��z:��� �
0 ��

���#0�� ���	�*0	"37���� � 0�� ��0 } h
j�w b �
#�	 ��� �
0 ��

�!���t�-h�be{4% bgbgy � � z,y�u � < 	
w �
m2��{ ! bgj�b�w � � =��;����c ! { ! z|{�	x� s^j�z,y)# � =<.1	 0 } ���,I(0 
 } � } ��� � 1 � 3
k^��� s^j�z,y)# � =<.$7 	
� w ��z�h
w C�bdc {�w �^b#� �
y�c {�w s^y h�be{4% bgbgy�� } ����z,y�u���
 } � } ��� � �

npy ��z,j {�w c �
o z,j�	tw � � � z,y�u � < z,j�b#w y h
w C�bdc {�w s^y�	x{ ! bgy�{ ! b#� s^o o s�%�w y�
��
j�s���bgj {�w bd��{�j�w �tw z,o o # ! s^o u �
m2��� s^j�z,y)#�9 = 4+	
� w ��z h
w C�bdc {�w �^b5� �
y�c {�w s^y�h�be{4% bgbgy<.$7�z,y�u<. 
7 	�z,y�u � .$7 � I � . 
7 � 3
k^��� s^j�z,y)#�9 = 4+	 8 = 4&6(	 � .$7 & A � I ��� . 
7 & A ��� �

npy { ! b#� b����
bgo
{ ! w � w uxbdz�w � z����
o w bdu {�s { ! bIbgy)�
f bgjvz|{�w s^y s,� �����*0 ��
�0 � � � ��� �#0M1 7��#/ � ���/��� � 0	"C# kxm	% �
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����� ���	�
����
����������������������������� !�"����#$ %����&��('*)+��,.-����/���	����0

 "! b'{�bgj�f�7��#/ � ���/��� � w � ces^f f s^y
o # z|{ {�j�w h��x{vz,h
o b�{�s � s^o s^fih># mdl^l&% � - � bgj�w bd�is,�2�
j�s^h
o bgf �iw �j�bgo z|{�bdu {�si{ ! bd� b5s^hFC�bdc {v�g� � b5j�be� bgj�	W� s^j-b�D
z,f��
o b�	W{�s { ! b�uxbdcew u
z,h
w o w {4#1�
j�s^h
o bgf � ces^y�cebgj�y
w y�
 { ! b{�w o w y�
�s,� { ! b2�
o z,y
b�	ts^j s,�!z j�bdc {vz,y�
^o b�	���� w y�
���s^o #^s^f w y
stbd�8# . l�	F, ,�%*z,y�u 	ts^y { ! b5s,{ ! bgj ! z,y�u 	W{ ! bces��^bgj�w y�
1�
j�s^h
o bgf ��s,��z'��s^o #^s^f w y
s�h)# j�bdc {vz,y�
^o bd� # 0F1 % �  "! b�
^bgy
bgjvz,o*bgy)�
f bgjvz|{�w s^y �
j�s^h
o bgf s,�
��s^o #^s^f w y
stbd� w ��uxw ��c �
o {�{�s � s^o �^b�z,y�u�ces^f��
o be{�bgo #�s���bgy*�  "! b�y)�
fih�bgj1?@7's,� ��s^o #^s^f w y
stbd�+%�w { !z,j�bdz69 w � &ty
s�%�y*����{�s�9<IO2�0:# m�0�m %!z,y�u'{ ! b z^��#tf��x{�s,{�w c#h�b ! z7�tw s��
j-s,�!{ ! b � b����
bgy�cebEN�?@7SR 7JTSU
w �"��z,j {�w z,o o #'&ty
s�%�y�h)# { ! b�j�bgo z|{�w s^y � � � 7+N�?@7SR ��1 7 I32�	 . 	 1,k � 2 � 0 	 /�0��

npyis^jvuxbgj
{�s5� w f��
o w � #�bgy)�
f bgjvz|{�w s^y �
j�s^h
o bgf �
s,�
��s^o #^s^f w y
stbd��	|���
h ceo z^��� bd�*s,�
{ ! bd� b s^hFC�bdc {v�!z,j�buxb ��y
bdu�z,y�u���{$��uxw bdu �  "! bd� b����
h ceo z^��� bd� �^bgj�w � # ��z,j {�w c �
o z,j��
j�s���bgj {�w bd�*ces^y�cebgj�y
w y�
 { ! b 
^bgs^f be{�j�w cgz,oy
s,{�w s^y�s,� ces^y)�^b�Dxw {4#�z,y�u 
^j�s�%�w y�

	xz^cgces^jvuxw y�
i{�s � s^f b��
j�be� bgj�j�bdu�uxw j�bdc {�w s^y��g�
npy { ! b1�
o z,y
b 
 I*4 4��54 4 	!z ��0"/%/ w � z*�
y
w {��$����z,j�b uxb ��y
bdu z^��# � � � 1 m�% � # � � � 1 m�% %�w { ! �z,y�u � w yW{�b�
^bgjv�g�*- 7��#/ � ���/��� � w �iz*��y
w {�b'ces^y
y
bdc {�bdu �
y
w s^y s,��cebgo o � ! z7�tw y�
�y
s c �x{���s^w yW{ } � bgb

5 w 
��
j�b kx� 1,� 3���s^o #^s^f w y
stbd�-z,j�b�uxb ��y
bdu*����{�s z�{�jvz,y�� o z|{�w s^y*�
- � �#/ �B�/� } j�bd���*�8��� @
��s,� z1��s^o #^s^f w y
s w ��{ ! b w yW{�bgjv� bdc {�w s^y h�be{4% bgbgy�{ ! b ��s^o #^s^f w y
s�z,y�u z,yw y���y
w {�b �^bgj {�w cgz,o } j�bd���*� ! s^j�w �gs^yW{vz,o ����{�j�w � s,��cebgo o �g�  "! b ���*0 � s,��z'��s^o #^s^f w y
s�w ��{ ! biy)�
fih�bgj5s,�w {v�#cebgo o ��	�{ ! bO7 0��	��� 0�
�0��Iw ��{ ! b�y)�
fih�bgj#s,��bdu�
^bd�Is,��w {v�5h�s^jvuxbgj�	 % ! w o b�w {v��A 0�� H A@
�z,y�u @O�!��
FA'z,j�b{ ! b�y)�
fih�bgjv�-s,�!w {v��j�s�%��-z,y�u ces^o �
f y���	xj�bd����bdc {�w �^bgo #^�
�*be{ � h�b z uxw j�bdc {�w s^y w y { ! b1�
o z,y
b^�1- ��s^o #^s^f w y
s w � � Mxces^y)�^b�D�w �-w {v��w yW{�bgjv� bdc {�w s^y %�w { ! z,o o{ ! b o w y
bd�#w y { ! b1�
o z,y
b ! z7�tw y�
 uxw j�bdc {�w s^y � w ��z ces^y)�^b�D�o w y
b^�1- ��s^o #^s^f w y
s�h�s,{ ! y
s^j { ! Mx� s��x{ !} s^j��^bgj {�w cgz,o �#z,y�u % bd��{ Mtbdz^��{ } s^j ! s^j�w �gs^yW{vz,o �#ces^y)�^b�D w ��� w f��
o # ��z,w u ces^y)�^b�D � - ��s^o #^s^f w y
s�w �uxw j�bdc {�bdu 	
w � { ! bgj�b w � z cebgo o�cgz,o o bdu " ���B����0�����c ! { ! z|{ bdz^c ! s,{ ! bgj cebgo o s,� { ! b1��s^o #^s^f w y
s cgz,y h�bj�bdz^c ! bdu�� j�s^fG{ ! b#� s��
jvceb�h)# z ��z|{ ! %�w { ! w y�{ ! b2��s^o #^s^f w y
s w {v� bgo �
f z^uxb ���'s,� { ! b#��{�b���� z,o o s�% bduh)#�{ ! b �
j�be� bgj�j�bdu 
^j�s�%-{ ! uxw j�bdc {�w s^y*� 6+#ices^fih
w y
w y�
5{ ! b�uxw - bgj�bgyW{�&tw y�u
�rs,� ces^y)�^b�Dxw {4# z,y�u�
^j�s�%-{ !

�
j�be� bgj�j�bdu�uxw j�bdc {�w s^y�	ts��^bgj�{ ! w j {4#'uxw - bgj�bgyW{�ceo z^��� bd��s,� ��s^o #^s^f w y
stbd� z,j�b5uxbe{�bgj�f w y
bdu } � bgb # . 2&% 	W� s^jz ���
j$�^b�#
� �
 "! b�j�bd���
o {v� s^hx{vz,w y
bdu � s^j ces^y)�^b�D ��s^o #^s^f w y
stbd�iz,j�b'��#tyW{ ! be{�w cgz,o o # o w ��{�bdu w y { ! b'{vz,h
o bd� kx� mz,y�u kx� k�	 % ! w o b % b�j�be� bgji{�s # . 2�% � s^j�z,y b�D ! z�����{�w �^b�h
w h
o w s�
^jvz�� ! # j�bd� bdz,jvc ! z,y�u j�bd���
o {v�iz,h�s��x{

��s^o #^s^f w y
stbd�g�

: "���$&%!'�� 3 �76 5 w 
��
j�b5kx� 1�� ! s�%���s^y { ! b5o be� {�z y
s^y'ces^y)�^b�D���s^o #^s^f w y
s
	�% ! w o bI{ ! b2% ! s^o b5��{�j$��c �{$�
j�b#s^y�{ ! b�j�w 
 ! {�w �-y
s,{Iz ��s^o #^s^f w y
s
	th��x{Iw {�w ��ces^f���sW� bdu'h)# {4% s���s^o #^s^f w y
stbd�g�

5 w 
��
j�b kx� 1)�  "! j�bgb���s^o #^s^f w y
stbd�g�
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Euler 1748,  Gauss 1863,

Sylvester 1884,  Temperley 52,56,

Wright 68,  Deridda and Nadal 84.

area by means of continued fraction:

Flajolet 91,

Bousquet and Viennot 92,

Roblet 94.

Ferrers  diagram

Tas  and
trivial

Parallelogram

area:

Klarner and Rivest 74.

area and width:

Bender 74, Delest and Fedou 93.

perimeter:

Levine 59, Polya 69.

perimeter, width and height:

Lin and Chang 88.

:

area and perimeter:

Brak and Guttmann 90.

area  and width and height:

Ling and Tzeng 91,

Bousquet and Viennot 92,

Fedou and Rouillon 95,

Bousquet 96,

Prellberg and Brak 94.

perimeter and site perimeter:

Delest et al. 87.

Perimeter Area

Guttmann and Prellberg 93,

Essam 93.

perimeter on different meshes:

 z,h
o b kx� m��  z^��	���z,jvz,o o bgo s�
^jvz,f ��s^o #^s^f w y
stbd���r� s^f b#bgy)�
f bgjvz|{�w �^b#j�bd���
o {v�g�

: "���$&%!'�� 3 � @ 5 w 
��
j�b#kx� G � ! s�%���s^y { ! b5o be� {�zices^y)�^b�D���s^o #^s^f w y
s %�w { ! z,j�bdz k,liz,y�u1��bgj�w f be{�bgjk	0
	
z,y�u's^y�{ ! b�j�w 
 ! {�	xz ces^y)�^b�D�z,y�u�� s��x{ ! M)% bd��{ �2y
s^j { ! Mtbdz^��{ uxw j�bdc {�bdu ��s^o #^s^f w y
s %�w { ! z,j�bdz�m	1z,y�u*��bgj�w f be{�bgjIk	0��
- ��s^o #^s^f w y
s w � �����*0 ��
�0 � � � ��� �#0M1 w � w {'w ��h�s,{ ! uxw j�bdc {�bdu(z,y�u(ces^y)�^b�D } � bgb 5 w 
��7kx� 2 } ?x� � � -7������#/%/ 0"/ �MH ����� 7��#/ � ���/��� ��w �5z'��s^o #^s^f w y
s'% ! sW� bih�s��
y�u
z,j$#�ces^y�� w ��{v��s,��{4% s�o z|{ {�w ceb ��z|{ ! ��{ ! z|{w yW{�bgjv� bdc {�s^y
o #iw y
w {�w z,o o # z,y�u���y�z,o o #^�  "! b�h�s��
y�u
z,j$#���z|{ ! ��	�% ! w c ! % bIcgz,o o � 7B7 0�� z,y�u�/ � @ 0���7���
FA)	
��� b�{ ! b1��sW� w {�w �^bgo # uxw j�bdc {�bdu �
y
w { ��{�b�����	 } m � lW�Iz,y�u } l � m2� } � bgb 5 w 
�� kx� 2�	 }32 � � �'q ! z,y�
 z,y�u �*w y
# 0#G�% 	xz,y�u�o z|{�bgj 6 s����$���
be{ �p���bgo s��<# 0Wl�	��*� m^m^m�% ��� bdu'z,y�z,o #W{�w c�f be{ ! sxu
� {�s �
j�s��^b�{ ! z|{ { ! b#y)�
fih�bgjs,� uxw j�bdc {�bdu �pces^y)�^b�D(��s^o #^s^f w y
stbd�rz,y�u { ! b�y)�
fih�bgj s,�.��z,jvz,o o bgo s�
^jvz,f/��s^o #^s^f w y
stbd� ! z7�tw y�
 3�j�s�%��z,y�u/0�ces^o �
f y���z,j�b5b�����z,o {�s � 0 1 3 � k

0 � m � � 0 1 3 � k
3 � m � } kx� 2W�

m
0 1 3 � m

� 0 1 3 � m
0 � m � � 0 1 3 � m

3 � m � � } kx� mdlW�
j�bd����bdc {�w �^bgo # } { ! b � bdces^y�u � s^j�f��
o z w � s^j�w 
^w y�z,o o # u��
b {�s , z,jvz7#Wz,y�z�	1# m2k ,�% � � 5 s^j'��s^o #^s^f w y
stbd�
! z7�tw y�
 9 1 m#j�s�%���z,y�u 9 1 m�ces^o �
f y���	x{ ! bd� b5� s^j�f��
o z^�-j�bdu���ceb5{�s
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symmetric classes:

Leroux and Robitaille 96. 

area and height and width:

Bousquet and Fedou 95,

Bousquet 96.

quasi-covex:

Lin 92,  Enting et al. 92.

Lin and Chang 88,

Gessel 90,

Bousquet and Guttmann 95.

Perimeter Area

area and height and width:

Bousquet and Viennot 92,

Bousquet and Fedou 95,

Bousquet 96.

area and site perimeter:

Dubernard and Dutour 94.

Lin and Chang 88,

Bousquet 92,

Bousquet and Guttmann 96.

perimeter, width and height:

Convex

Delest and Viennot 84,

Kim  88.

perimeter:

perimeter, width and height:

Guttmann and Enting 88,
(conjecture)

Directed

convex

 z,h
o b kx� k�� aIw j�bdc {�bdu ces^y)�^b�D'z,y�u ces^y)�^b�D'��s^o #^s^f w y
stbd��� � s^f b#bgy)�
f bgjvz|{�w �^b5j�bd���
o {v�g�

� k�9
9 � < } kx� m^m2�

m
k�9 1 m

� k�9 1 m
9 � < � } kx� m2k^�

j�bd����bdc {�w �^bgo #^� 5 �
j { ! bgj�f s^j�b�	t� j�s^f } kx� 2W��z,y�u } kx� mdlW�-z,j�w � bd� { ! z|{�{ ! b y)�
fih�bgj�s,��uxw j�bdc {�bdu �pces^y)�^b�D
��s^o #^s^f w y
stbd� ! z7�tw y�
 � bgf w ��bgj�w f be{�bgjO0 1 3 I 9 1 k�w �-b�����z,o {�s

�
� & �&T �� 6 � � 7 6 <

� 0 1 3 � k
0 � m � < I 7�

A � U � 9 8 �
<
I � k�9

9 � � } kx� m . �

{ ! z|{-w ��	W{ ! b2% bgo o.&ty
s�%�y'cebgyW{�jvz,o�h
w y
s^f w z,o cestb ��cew bgyW{v��	tz,y�u 	xz,y�z,o s�
^s���� o #�	,{ ! b5y)�
fih�bgj-s,����z,jvz,o �o bgo s�
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