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Abstract

Switching Supervisory Control:
Adaptive and Input-constrained Systems

Pietro Tesi

This thesis deals with the application of logic-based switching in adaptive and predictive
control schemes. Each control system under study consists of a switching supervisory control archi-
tecture whereby a controller, selected from a finite family of pre-designed candidate controllers, is
at any time switched-on in feedback to the plant based on available measurements.

In Part I of this thesis, attention is devoted to the use of logic-based switching in adap-
tive control of plants with large modelling uncertainties which render robust control design tools
inadequate. In this respect, we study the problem of how to on-line infer stability of a potential
feedback-loop made up by a given candidate controller interconnected in feedback with an uncertain
plant, while the latter is possibly driven by a different controller. Assuming that a nominal model is
associated to the candidate controller in such a way that the resulting so-called tuned-loop be stable,
an answer is provided by sufficient conditions expressed in terms of percentage measures of discrep-
ancy between the potential loop and the tuned one associated to the given candidate controller. It is
shown that the proposed solution, while retaining the high switching performance capability inherent
to model-based control, also enjoys model-free guaranteed stability properties, as stability is proved
to hold under the only assumption that a stabilizing candidate controller exist. Attention is also
devoted to the analysis of situations where the supervisory unit operates in a noisy environment.

Part II of this thesis deals with the set-point tracking problem of critically unstable linear
systems subject to positional and/or incremental input constraints and also affected by persistent
disturbances of unknown arbitrary magnitude. The proposed solution is realized via a supervisory
switching control scheme whereby the feedback-gain selection is made in accordance with a predictive
control philosophy, and each candidate feedback-gain is tuned on to a different control-horizon in
a receding-horizon control sense. It is shown that the proposed solution ensures global asymptotic
and offset-free tracking in the presence of constant disturbances and set-point, as well as finite [,
induced gain of the disturbance-to-state map in the presence of time-varying disturbances and set-
point, while preserving the fulfillment of control-increment saturation constraints. It is also shown
that the predictive switching logic scheme considered, provides, relatively to alternative approaches

yielding comparable feasibility /performance properties, a computationally affordable solution.
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Chapter 1

Introduction

In the name of God, stop a moment, cease your work, look around you.

Lev Tolstoj (1828-1910)

In recent years, the idea of employing logic-based switching in control has attracted sig-
nificant research efforts. In several control engineering applications, switching between controllers
is a subject of special interest: the process to be controlled might change modes of operation so as
to render no single controller capable by itself of guaranteeing closed-loop stability [Mos95, 1S96,
HLOla, ADO08]. Switching between controllers might be crucial in protecting the process against
wind-up effects [GOMWO00, GGS01]. Changes in the dynamics of the process under control and/or
in the character of the disturbances might require prompt changes in the control action in order to
maintain satisfactory closed-loop performance [NB94, HLO1a, HMO02].

Typically, a switching control scheme consists of a modular architecture that separates
an inner loop, the ordinary control system, from an outer loop, which comprises a “high-level”
unit, whose task is to orchestrate the switching. Historically, one of the first schemes employing
logic-based switching in control is — as we know it today — the so-called Gain-Scheduling control
[SA90, RS00]. In Gain-Scheduling, as depicted in Fig. 1.1, the outer loop consists of a supervisory
unit, which accomodates changes in the control action by means of a look-up table associating the
candidate controller parameters 6;’s to available auxiliary measurements z. Architectures such as
the one of Fig. 1.1 provide greater flexibility in applications since the controller parameters can be
computed off-line; further, between switching instants, the dynamic of the supervisor does not affect
the inner loop, and the overall system analysis only relies on the properties of its individual parts.

Because of the above motivations, during the last decades, many research efforts have
been devoted to the development of switching control schemes akin to, or based upon, Gain-
Scheduling strategies: Adaptive switching control (ASC) — the monograph [Lib03] and the sur-
vey papers [KS01, HLOla, ADO8] provide an overview of the topic — has recently emerged as
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Figure 1.1: Typical Gain-Scheduling control scheme.

an alternative to conventional continuous adaptation [Mos95, IS96]. ASC resembles an adap-
tive variant of classic Gain-Scheduling control in that it aims at extending the latter to appli-
cations where the supervisory unit has access to 1/O records of the uncertain plant !; Gain-
Scheduling control for Networked Control Systems is now attracting a great deal of attention
[TC04a, TC04b, NPTL05, LCO06]; Gain-Scheduling predictive control is another relevant Gain-
Scheduling variant, which has found application in control of systems subject to input/state con-

straints [ARS96, SHS00a, CFF01, CFZ03, Mos05].

In this thesis, variants of Gain-Scheduling are applied to adaptive and predictive switching
supervisory control schemes. Specifically, Part I of this thesis concerns adaptive switching control of
(possibly nonlinear) uncertain plants, while, in Part II of this thesis, predictive switching control of

input-constrained critically unstable linear systems 2

is considered. In both the mentioned problems,
particular attention will be devoted to study logic-based switching algorithms which can operate in
noisy environments, a situation the latter in which the presence of noises/disturbances acting on the
plant and corrupting the information available to the supervisory unit, adds substantial complexity in
achieving stability guarantees. The remainder of this chapter briefly formulates the overall problems
of interest and sums up the original contribution of this thesis. A more detailed analysis of each

topic into the perspective of previous reasearch can be found in the body of the thesis.

Mn fact, Gain-Scheduling is, at times, considered as a type of “open-loop” adaptive control [RS00], since there is
no feedback which can compensate for an incorrect schedule.
2The so-called ANCBI (Asymptotically Null-Controllable with Bounded Input) systems.
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1.1 Model-based Adaptive Switching Control

One of the approaches for controlling uncertain plants relies on the introduction of adap-
tation in the feedback loop [Mos95, IS96]. In particular, control of plants with large dynamic uncer-
tainties requires adaptation in the feedback loop whenever robust control turns out to be inadequate.
In recent years, Adaptive Switching Control (ASC) has emerged as an alternative to conventional
continuous adaptation. As noted, ASC resembles an adaptive variant of classic gain-scheduling con-
trol in that it aims at extending the latter to applications where the “high-level” unit, called the
supervisor, has access to I/O records of the uncertain plant. In ASC, the supervisor switches-on
at any time in feedback with the uncertain plant P one controller C from a family % of candidate
controllers using recorded plant I/O data. These data are processed in such a way to enable the
supervisor of deciding whether the currently switched-on controller is adequate, and, in the negative,

replace it by another candidate controller.

Supervisor

\ 4
A

) 4

i — : P —>Q—_y.
. T,

Figure 1.2: Typical ASC arrangement.

Let S be the linear space of all the real-valued sequences on Z; := {0,1,...}. In the
simplest nontrivial case considered throughout Part I of this thesis, the uncertain plant P consists
of a strictly causal SISO discrete-time time-invariant dynamic system P : S — S. Along with the
uncertain plant P, a finite family ¢ = {C;,i € N}, N :={1,..., N}, of one-degree-of-freedom LTI

controllers C; is available 3. Each candidate C; is described by a difference equation of the form
Ci: ri(d)u(t) = Si(d)(r(t) —y(t),  te€Zy (1.1)

with r;(d) and S;(d) coprime polynomials in the unit backward shift operator d. The scheduling
task (i.e. when to substitute the acting controller) and the routing task (i.e. which controller to
switch on) are carried out in real-time by monitoring N test functionals V;, i € N, each related to a

different candidate controller. Accordingly, denoting by o(t), o(t) € N, the index that identifies the

3In [HLM'01, SS08], the class of candidate controllers is allowed to have arbitrary cardinality.
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controller connected in feedback to P at time ¢, the overall problem of interest consists of suitably

selecting a test functional V := {V;, i € N} and a switching logic
a(t) =LV (t),o(t —1)) (1.2)

in such a way that the switched system, denoted by (P/Cy(.)), have desired stability /performance
properties. By assuming that the input and the output of the plant are affected by unknown additive

disturbances n,, and n,, the ASC system of interest, as depicted in Fig. 1.2, is as follows .

{ y(t) = P[U + nu](t) + nu(t) te Z+ (13)

u(t) = Coy[r — yl(t)

The main distinguishing feature of ASC over conventional adaptation is that controller selection
relies on logic-based switching rather than continuous adaptation, which usually employs recursive
parameter tuning schemes [Mos95, 1S96]. Tt is well known that ASC, while retaining the fundamen-
tal ideas of adaptive control, enjoyes several potential advantages over traditional forms of adaptive
control [NB94, Mor95, NB97, HLMO03b]: ASC allows fast adaptation, since the controller selection
is performed in a discontinuos fashion. ASC modularity allows for the integration into the inner
loop of pre-existing control structures (or controllers which can be off-line synthesized regardless
of their computational complexity), with no need of having a continuously parameterized family of
controllers. Further, such a feature allows one to circumvent shortcomings in the controller synthesis,
such as danger of stabilizability loss of the identified model, which might be encountered in formu-
lating adaptive control as a recursive tuning control problem. Finally, in ASC, between switching
instants, the dynamic of the supervisor does not affect the inner loop behavior, an advantageous

feature from the analysis viewpoint.

Despite the vast literature on the subject — e.g. see the monograph [Lib03] and the sur-
vey papers [KS01, HLOla, ADO8] — no sigle approach has so far distinctly encountered unanimous
consensus among the control engineering community. Part I of this thesis addresses one of the key
issues in ASC: how to synthesize test functionals for monitoring stability of the switched system
and inferring the suitably of the candidate controllers relatively to P. In this respect, current ap-
proaches to ASC are traditionally grouped into the following classes: Performance-based control
[Nus83, Mar85, FB86, ST97, SWPS07] is a model-free approach, whereby the supervisory unit or-
chestrates the switching by means of test functionals purely based on performance variables, viz.
without trying to estimate, in accordance with the plant I/O data, the process model parameters. In
contrast with it, Model-based control [NB94, Mor95, NB97, ZMF00, PJ01, HLM*01, FAP06, KI08]

performs the switching via test functionals based on identification errors, viz. the switching also

4Hereafter, v = P[u] denotes a causal mapping from the input vector u to the output vector v.
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relies on a nominal model distribution approximating the plant uncertainty set ®. The main positive
feature of the schemes in the first group is the fact that they can ensure stability of the switched
system under very mild conditions. This is in particular the case for the Unfalsified ASC (UASC) of
[ST95, ST97, SWPS07, SS08], whereby stability and finite convergence for switching are guaranteed
under the minimal conceivable requirement, viz. the existence of a stabilizing candidate controller.
On the other hand, current UASC schemes are at times criticized as they need not provide protection
against the temporary insertion in the loop of destabilizing controllers [WE08, AD08, BBMT09].
Hence, in UASC, significant initial transients and temporary trends to divergence are typically expe-
rienced before the final controller is switched on. This situation looks antithetic to Model-based con-
trol, henceforth Multi-model ASC (MMASC), where transients can be made small at the cost of dense
nominal model distributions. However, if the latter condition is not enforced, neither convergence
to a final controller nor boundedness are in general ensured [HLM*01, SWPS07, AD08, BBMT09].

The main contribution of Part I of this thesis is to develop novel model-based UASC
schemes whereby the positive features of the two mentioned approaches might coexist and their
respective deficiencies moderated. It will be shown that the proposed scheme, called multi-model
UASC, can moderate, as in MMASC, the chance that destabilizing controllers be switched-on and,
hence, reduce both the magnitude and time durations of “learning” transients after start-up, while,
in contrast with pre-existing multi-model based methods, stability in-the-large and finite convergence
for switching are guaranteed, as in UASC, under the only assumption that a stabilizing candidate
controller exist. In other terms, the proposed solution, while retaining the high switching perfor-

mance capability of MMASC, also enjoys UASC model-free guaranteed stability properties.

Analysis of multi-model UASC is carried out throughout Chapter 3 and Chapter 4. Con-
versely, Chapter 2 introduces the necessary background and put it into perspective with subsequent
analysis. In this respect, it is worth saying that, although the main result of Part I of this thesis is
in the mentioned multi-model approach to UASC, the developments of Chapter 2, while providing
a quick review of UASC, also present further extensions of the results of [SWPS07].

1.1.1 Analysis of unfalsified ASC in a noisy environment

In UASC, the feedback adaptation task of classic adaptive control is replaced by controller
falsification. The active controller can be falsified via a comparative experiment, by resorting to the

virtual reference concept introduced in [ST95, ST97]. Specifically, at every time-step, and for each

5In Model-based control, the controller selection typically consists of switching on, at every time-step, the candidate
controller whose related nominal model best approximates the uncertain plant. This is, in practice, an extension from

tuning to switching of the Certainty Equivalence Principle [Mor95, NB97, Hes98].
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candidate controller C;, i € N, one solves in real-time the difference equation

ri(d)u(t) = Si(d)(vi(t) — y(t)) (1.4)

with respect to the virtual reference v;, which can be done provided that C; is causal, and stably
causally invertible (CSCI), that is, S;(d) strictly Hurwitz. In words, v; equals the fictitious reference
that, if injected into the feedback system (P/C;), would reproduce z := {u,y}, viz.

2(t) = (P/Co()[w](t) = (P/Ci)lwil(t),  te€Zy (1.5)
where w = {r,n,,n,} and w; := {v;,ny,n,}. The first use of the virtual reference in ASC dates
back to [ST95, ST97], where the test functional V; was set so as to provide an estimate from below
of the induced gain of the Iy — lo map embodied by (P/C;) from v; to [u y — v; ],

[[o7 [l o

I/i(t):mi(zt70i)::max{’| </ilvi) ’|2,T:O,--~,t}, ieN (1.6)

with s* := {s(0),5(1),...,s(t)}, s € S, and X,/; : v; — [u v; — y] denoting the mixed sensitivity
of (P/C;). Based on the innovative approach of [ST95, ST97], several UASC schemes have been
thereafter proposed [JS99, CF99, BTS01, MAO1], along with stability analysis [SWPS07, SS08].
However, to date, issues of applicability of UASC in noisy environments have been always overlooked.
In this respect, Theorem 2.2.1 and Theorem 2.4.1 in Chapter 2 provide a generalization of the
analysis of [SWPSO07]. In particular, Theorem 2.2.1 provides conditions under which, in the presence
of disturbances, it is possible to ensure switched system stability as well as finite convergence for

switching for every plant initial condition, reference r € S, and any signal norm || - || such that

(a) if the sequence s converges exponentially to zero then ||st|| is bounded, i.e., there exists a

nonnegative finite real o such that ||st|| < « for any t € Z,.

Theorem 2.4.1 further generalizes Theorem 2.2.1, by providing conditions under which, for every
plant initial condition and reference r € S, the switched system turns out to be jointly input-output
stable with respect to different norms. The rationale behind the introduction of generalized norms
and mixed-norm test functionals stems from the fact that in UASC, as discussed in Section 2.3,
stability results are restricted to the switched system (P/Cy(,)), and no claim on stability of the
unswitched final closed-loop can be advanced. This is an issue which has often been disregarded in
the literature [DALO7, ADO08], and deserving careful and detailed attention.

1.1.2 Multi-model unfalsified adaptive switching control

The main positive feature inherent to all early UASC schemes [ST95, ST97, SWPS07] is

the fact that boundedness of the map from the reference r to the plant I/O data z can be ensured
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under the minimal conceivable requirement, viz. the existence of a stabilizing candidate controller.
Such a feature, along with the fact that the plant need not to be linear, makes, from the robustness
viewpoint, UASC a significant improvement over pre-existing MMASC schemes, whose stability is
typically only guaranteed if the unknown plant is tightly approximated by at least one candidate
model [Mor95, Hes98, HLM 01, ADO08]. However, there are futher aspects in an ASC system which
deserve consideration. Particularly, an important quality factor of a test functional is its capability
of inferring if a candidate controller would make the loop unstable once switched-on in feedback to
the plant. As exemplified in Section 3.1 and also pointed out in [DALO7, WE08, BBMT09], such a
feature cannot be ensured by test functionals of the type (1.6) whereby no plant model is used.
The main contribution of Chapter 3 is to show that it is possible to construct UASC
schemes based on multiple-models, hence the name Multi-model UASC, in such a way that the
resulting supervisory switching control scheme not only can moderate, as in MMASC, the chance
that destabilizing controllers be switched-on, but, being intrinsically based on a stability test, also
retains the desirable model-free asymptotic properties of UASC. Let .# := {M;,i € N} be a finite

family of N strictly causal LTI dynamic models M; approximating the plant uncertainty set,
Ml(d) = Bi(d)/a,»(d), 1e€N (17)

where B;(d) and a;(d) are polynomials with strictly Hurwitz g.c.d., a;(0) = 1. The M;’s, along with

the associated C;’s, form a finite family of (internally stable) “tuned-loops” or “reference-loops”
% :={(M;/C;), ie N}

each designed to fulfill desirable prescriptions. One of the main steps in multi-model UASC is to
carry out a reference-loop identification task (Fig. 1.3). This task consists of selecting a candidate
controller C, in such a way that (P/C,) behave as closest as possible to one of the candidate
reference-loops in Z. In practice, this is accomplished by monitoring test functionals of the form
A* i 1Se T

sz(t):sz]z(ztacuMz) = maX{Wa TZO)"' 7t}7 ZGM (18)
where the vector-valued variables n;(t) := A, /;[£](t) and &;(t) are suitably selected in such a way
that the upper-bound to (1.8) given by the induced gain ||A, ;|[ina of the transformation A, /; from
&; to n;, provides a measure of the distance between (P/C;) and the i-th reference-loop (M;/C;). As
will be shown, this implies that it be possible to effectively assess the suitability of C; as a feedback

controller for P from the magnitude of V;() which gives an estimate from below of [|A, ;l[ina-

In Section 3.2, a manifold of alternative multi-model based UASC schemes will be consid-
ered, each one equipped with a different test functional of the form (1.8). Their features will be

comparatively analyzed mainly in terms of generality of applicability, stability inference and on-line
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Figure 1.3: Block diagram of UASC for reference-loop identification.

implementability. It will be shown that, the test functional V; in (3.35), which stems from con-
sidering robustness against the coprime factor uncertainty on P relatively to M;, is the only one
whereby the positive features of UASC and MMASC can coexist. In particular, it will be shown that
multi-model UASC equipped with (3.35) not only enjoys model-free guaranteed stability properties
(Lemma 3.3.1), but, in accordance with Theorem 3.2.2, also moderates — in a quantitative sense —
the chance that destabilizing controllers be switched-on in case noises/disturbances are zero and the
plant P in (1.3) belong to a parametric uncertainty set & := { P(), 6 € © }, consisting of a family
of strictly causal LTI plants

P(): a(d,0)y(t) = B(d,0) (u(t) + n,(t)) + a(d, 0) ny(¢), teZ, (1.9)

where a(d,#) and B(d,0) denote polynomials with strictly Hurwitz g.c.d. In connection with the
results of Theorem 3.2.2, Proposition 3.2.4 provides sufficient conditions under which the family 2

of reference-loops can be construced so as to satisfy the validity assumptions of Theorem 3.2.2.

1.1.3 Multi-model UASC implementation

Chapter 4 describes relevant implementational issues and extends the conclusions derived in
Chapter 3 to a noisy environment. Section 4.1 exhibits efficient on-line computational architectures

for general initial conditions. In particular, Theorem 4.1.1 shows that, even in case of nonzero
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plant initial conditions, it is possible to ensure that multi-model UASC systems equipped with
(3.35) enjoy properties similar to the ones stated in Theorem 3.2.2. It will be also shown that
the proposed scheme, though conceptually hinging upon the virtual reference entity (Fig. 1.3), is
on-line implementable without an explicit v;-computation. This is an advantageous feature from an
implementational viewpoint, as computation of (1.4) is numerically impossible in case of non-stably
invertible controllers. As it emerges from the analysis, an interesting feature of multi-model UASC

is that its implementation can be carried out by suitably filtering the prediction errors ¢;’s,
€:(t) := a;(d)y(t) — B;i(d)u(t), teZy (1.10)

based on the nominal models M;’s. This establishes a conceptual link between the present approach
and earlier MMASC contributions, since the multi-estimator of [Mor95, Mor96, NB97, HLM*01],
in a discrete-time setting, reduces to compute stably-filtered prediction errors. Motivated by such
a fact, in Section 4.1, we provide a more detailed comparison between the proposed scheme and
MMASC as well as an interpretation of the filtering action used in multi-model UASC in terms of
frequency-domain analysis and connections with Identification for Control [Gev93, dHS95, MAO1].

Finally, Section 4.2 further extends the stability results of multi-model UASC to a noisy
environment. In this respect, Corollary 4.2.1, along with Theorem 4.1.1, complete the extension
of the model-free case analysis of Chapter 2 to the present model-based approach to UASC. For

illustrative purposes, in Section 4.3, the results are applied in the two carts example of [GNL95].

1.2 Horizon-switching Predictive Control of Linear Plants

subject to Input Constraints

The main problem around which Part II of this thesis is centered is the control of critically
unstable linear plants ¢ subject to input constraints and persistent disturbances. The study of input-
constrained systems is an extremely relevant issue in control engineering, since, without explicitly
accounting for possible actuators limitations, decay of performance and/or stability loss due to delay
and phase-lag might be experienced. Control of input-constrained plants has been given exhaustive
and constructive systematic answers mainly only during the last twenty years. From one side it
was characterized by the class of dynamical linear time-invariant (LTI) systems whose state can be
asymptotically driven to zero with arbitrarily small controls [SSY94, Bla99, HLO1b]: the so called
ANCBI (Asymptotically Null-Controllable with Bounded Input) systems. From another side, linear
control structures were shown to only provide semi-global stabilization of input-saturated ANCBI
systems [Lin95, Lin98]. Non-linear state feedback schemes for input-saturated ANCBI plants were
discussed in [SY91, SSY94]. A third source of contributions to the topic has been originated within

6In discrete-time, they coincide with LTI systems with eigenvalues in the closed unit disk.
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Figure 1.4: Horizon-switching predictive control scheme.

both model-based predictive control (MBPC) [GPM89, Mos95, MRRS00, GGSO01] and anti-windup
control schemes [HKH87, Tee92, GOMWO00, GHP*03]. Despite the vast literature on the subject,
performance and/or stability issues in the presence of persistent arbitrarily bounded disturbances
has often been disregarded, or the proposed solutions appear computationally demanding [SM98].
In a recent paper [Mos05], a computationally affordable solution to the pure regulation problem of
discrete-time input-saturated LTI systems subject to persistent bounded disturbances of unknown

arbitrary magnitude has been proposed.

Part II of this thesis aims at extending the approach of [Mos05] to the case of set-point
tracking for LTI systems subject to joint positional and incremental input saturations and also
affected by persistent disturbances of unknown arbitrary magnitude. It is worth saying that, while
positional input saturations have attracted a great deal of interest, fewer results apply to incremental
input saturations. Incremental input saturations are a serious challenge in many automatic control
applications [Dor92, Len90, LPBS97, TB97, Lin98]| as they can induce significant destabilizing effects
due to delay and phase-lag [BHSB96]. As in [Mos05], the solution here proposed is realized via a
supervisory switching control scheme whereby a feedback-gain, selected from a finite family of pre-
designed candidate feedback-gains, is at any time switched-on in feedback to the plant according
to the previous feedback-gain and the information, either complete or partial, on the current plant
state (Fig. 1.4). As it will be shown throughout Chapter 5 and Chapter 6, the proposed scheme
enjoys the following features: 1) The feedback-gain selection is made in accordance with a predictive
control philosophy, and each candidate feedback-gain is tuned on to a different control-horizon; 2)

No disturbance upper-bound need to be known; 3) The supervisory switching logic is flexible enough
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so as to enable the designer to simplify the scheme by trading off performance vs. memory and/or

computational complexity, while retaining guaranteed stability properties.

1.2.1 Feasibility of horizon-switching predictive control

Consider the following discrete-time LTT ANCBI system

Sx(t) + Gu(t) + £(t)

z(t+1) (1.11)
y(t) = Haz(t) + (1) .

with (®, G) reachable; ® has all its eigenvalues of modulus less than or equal to one with arbitrary
multiplicities; state £ € R™=; input u € R™; output y € R™; £ and ( are exogenous disturbances.
The plant input «(¢) and its increments du(t) := u(t) — u(t — 1), t € Z are subject to the following
saturation constraints

u(t) € % = {ueR™: |u, <TU} (1.12)
Su(t)e P :={6u e R™: |dul, <A} (1.13)

where i € m, |u|; and |du|; denote the absolute value of the i — th component of u and, respectively,

du. The problem is to find, based on = (or a partial state-information), feedback controls

u= f(x) (1.14)

which ensure global asymptotic stability and offset-free tracking in the presence of constant distur-
bances and set-point r, as well as finite [,,-induced gain of the disturbance-to-state map from & to x
embedded in (1.11)-(1.14) in the presence of time-varying disturbances and set-point. The adopted
approach consists of selecting a discrete family .# = {F,},-, of linear state-feedback gains Fj, and
a switching logic

h(t) = £(z(t), h(t — 1)) (1.15)

in such a way that the regulated plant have the stated stability properties. In the proposed solution,
each candidate feedback-gain is tuned on to a different control-horizon. More precisely, each Fj, is
taken to be the receding horizon regulator associated to the zero terminal-state minimum energy
control problem of horizon h [KP75, Mos95]. The main result of Chapter 5 is the statement referred
to as the Feasibility Property: It states that, in the presence of constant disturbances &, and set-
point 7, jointly within the input control range, it is always possible to find a large enough control
horizon h such that the corresponding control action (1.14) does not violate the input constraints
(1.12) and (1.13). Taking into account the Feasibility Property, the question to be posed is how
to properly select (1.15) so as to ensure stability and offset-free tracking (possibly with extra per-
formance features) for the closed-loop switched system. As discussed in Theorem 5.3.1 of Section

5.3.2, in the absence of disturbances and input constraints, the ANCBI system (1.11) remains stable

12
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under arbitrary admissible switching, viz. any arbitrary switching sequence {h(t)}iez , h(t) € Z,

h(t) > n, + m, subject to the following constraint 7
h(t+1)>h(t)—1 (1.16)

The condition (1.16), first appeared in [Mos05], will be used in Chapter 6, along with the Feasibility
Property, to prove that stability of ANCBI systems as in (1.11) also holds under input constraints

and persistent disturbances.

1.2.2 Supervisory control under input constraints and persistent distur-
bances
In accordance with the internal model principle [Mos95, GGS01], a classic approach to track

a reference r is to enforce an “integral action” from e := y — r to u, r being the output reference.

The related design hinges upon the so-called incremental model (IM) resulting from (1.11)

{ x(t+1) A x(t) + B du(t) + dv(t)
e(t) = Cx(t)+ ow(t)

where x(t) := [02'(t) €'(t — 1)], dx(t) = z(t) — z(t — 1), dv(t) := [6&'(t) ow'(¥)]), dw(t) =

d¢(t)—or(t). It is well known that a linear state-feedback law du(t) = .% x(¢), which stabilizes (1.17),

yields an offset-free steady-state tracking error for the class of constant disturbances and references.

(1.17)

Accordingly, the family % = {Fj},;—; of linear state-feedback gains introduced in Chapter 5 is
computed by solving the zero terminal-state minimum energy control problem of horizon h relatively

to the model (1.17). This means that, for each control horizon h, one computes the sequence
dun(x) := [0up (O]x); - - Sup (b = 1x)]" = [F4(0) - - - Fi(h = 1)]'x = Fax (1.18)

which drives the system state x to the zero-state 0, in h time-steps with minimum control effort
Z;é ou’(k) du(k); then, once the horizon h(t) has been selected, the control law for the system

(1.11) is given by
u(t) = u(t — 1) + Fp) (0)x = Fagx (1.19)

viz. one applies the first component of the sequence (1.18) with h = h(t), as in the standard
receding horizon regulation problem [Mos95]. Based on the Feasibility Property and the admissibility
condition (1.16) of Chapter 5, the hysteresis switching logic (HSL) is chosen as follows

o) — l}(t), it M (x(1) <1 (1.20)
h(t), otherwise.

"In connection with (1.16), it is worth noting that the problem of finding rules capable of ensuring stability under
arbitrary switching sequences has recently attracted a great deal of interest [DM99, HMO02].
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h(t) := max{h, h(t — 1) — 1}

h(t):=min{h €Zy: h>h(t—1); Mp(x#)<1—p}

where 1 € (0, 1) is the hysteresis constant; h(0) = h(0); h depends on the reachability index of
(1.11) and Mp(x) is defined as
Noun (kDAL [[un (kD]

M (x) := max {a = , Q T , k+1leh,ic m} , (1.21)

where (& = 1, = 0) corresponds to only incremental saturations; (& = 0, = 1) pertains to only
positional saturations; (& = 1, = 1) to joint incremental and positional saturations. In practice,
the supervisory switching control scheme resulting from (1.20) selects, at every time instant, the

maximum regulation speed compatible with the saturation constraints.

Theorem 6.2.1 in Section 6.2 shows that, in the presence of constant disturbances &, (
and set-point r, jointly within the input control range, the HSL (1.20) yields offset-free asymptotic
tracking for any possible pair (&, a) in (1.20). Section 6.3 extends the stability analysis to the case
of time-varying disturbances and set-point. In particular, Theorem 6.3.1 shows that the switched
system resulting from (1.20) has finite [, induced gain of the disturbance-to-state map in the
presence of time-varying disturbances and set-point, while preserving the fulfillment of control-
increment saturation constraints, viz. o = 0 in (1.20). In this respect, the main contribution of
Chapter 6 is indeed the proof that all arbitrary bounded disturbances, that can be in principle
tolerated by (1.11) under positional input saturations for the pure regulation problem, can also be
effectively handled under input-increment saturations, even when the output that is used for tracking
is affected by arbitrary bounded disturbances.

For illustrative purposes, in Section 6.4, the results are applied to the control of the roll
angle of an aircraft [Veg94] as well as in the two carts example of [GNL95]. Finally, in Appendix
B, we show that there are some properties of the feedback-gains Fj’s which can be conveniently

exploited for keeping the memory/computational load requirements of (1.20) at a moderate level.
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Switching Control

15



Chapter 2

On Stability of Unfalsified
Adaptive Switching Control

Among many approaches to adaptive switching control (ASC) — [Mor95] and [Lib03] pro-
vide an overview of the topic — a convenient framework to work with is the unfalsified ASC (UASC,
for short) of [ST95, ST97]. In UASC, thanks to the use of the virtual reference tool, the scheduling
task (when to substitute the acting controller) and routing task (which controller to switch on) are
carried out without switching on all candidate controllers in the feedback loop in order to assess
their performance with the plant. On the contrary, using recorded plant I/O data, the supervisor
infers the performance of each potential loop and selects the one with the best inferred performance.
To date, little attention has been devoted to the applicability of UASC in case the measurement I/0
data be corrupted by noise. Theorem 2.2.1 in Section 2.2 extends the stability results of [SWPS07]
to arbitrary signal norms in order to take into account the presence of noises/disturbances. In con-
nection with Theorem 2.2.1, Section 2.3 shows that in UASC, stability results are restricted to the
switched system, and no claim on stability of the unswitched final closed-loop can be advanced. For
this reason, mixed-norm test functionals are finally introduced in Section 2.4 in order to ensure that

the switched system be jointly input-output stable with respect to different norms.

2.1 Background

Let S denote the linear space of all the real-valued sequences on Z,. Given a vector-
valued sequence z € S of dimension n, x! denotes its time truncation up to time ¢, i.e., zt =

{2(0),2(1),...,x(t)}, with z(k) € R". Let £,(Z;), p > 1, be the space of all vector-valued real
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sequences with bounded ¢,-norm defined as

Izl = EIhf =3 S B, el = supma a:(8) (21)

k=0 i=1
where | - | denotes Euclidean norm. E.g., lo(Z,) and [ (Z4) denote the linear spaces of sequences
belonging to S with bounded energy, respectively, peak. Another important class of signals is finite-
power signals. In such a case, we denote with P(Z,) the linear space consisting of those sequences
x € S with bounded P-norm defined as

2
Hx”P 5upm2|x bumeZ|xz (2.2)

k=0 1i=1
Hereafter, || - || will denote a generic signal norm among the ones defined in (2.1) and (2.2), and

N(Z.) its related normed space ! . The following notion of input-output stability is adopted:

Definition 2.1.1 — A causal system H with input w = {w;, i € K}, K :={1,--- , K}, and output
z = {zj, j € M} is said input-output N-stable if, for every w € S, there exist finite nonnegative
constants «, 3 such that

Il <altl+8, tez, (2.3)

where z denotes the system output response to the input w.

The constant § allows for consideration of systems with non-zero initial state. It should
be emphasized that stability of the system H requires that (2.3) holds true, possibly with different
constants «, 3, for any possible input. In UASC, unfalsified stability is related to a single infinite-
length experiment, where some of the inputs (e.g., disturbances) are inaccessible. In this connection,
supposing that the first L inputs are accessible, and the inaccessible inputs {w;, i = L+ 1,...,K}
belong to N (Z.), the following definition is crucial for the subsequent developments.

Definition 2.1.2 — Given a system H with input w = {w;, i € L} and output z = {z;, j € M},
N-stability of H is said to be unfalsified by a specific input-output pair {w, z} if there exist finite

nonnegative constants 7y, d such that
2] < vllw'll +6,  teZy (2.4)

In (2.4), the constant 0 accounts for both the non-zero initial state and the inaccessible inputs. Of
course, unfalsified stability can be used to empirically test stability only when the disturbances are

known to have bounded N -norm.

LAs shown in [BMSTO09], the results which follow can be easily extended to any signal norm 91 associating a

nonnegative real ||st||, ¢ € Z4, to each truncated sequence s' and satisfying the following assumption:

(a) if the sequence s converges exponentially to zero then ||st|| is bounded, i.e., there exists a nonnegative finite real

a such that ||st|| < « for any ¢t € Z .
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Figure 2.1: Typical ASC arrangement.

2.2 Switched System Stability in a Noisy Environment

The study is intentionally focused on the simplest nontrivial case of a strictly causal SISO
plant consisting of a discrete-time time-invariant dynamic system P : S — S. Along with the
uncertain plant P, a finite family 4 = {C;,i € N} of one-degree-of-freedom LTI controllers C; is

available. Each candidate C; is described by a difference equation of the form
Ci: ri(du(®) = Si(d)(r(t) —y(t), teZy (2.5)

with r;(d) = 1437 _ rind™ and S;(d) = sio+Y_4_, Sind™ coprime polynomials in the unit backward
shift operator d, with p denoting the maximum order among all controllers in ¥. Notice that
r;(0) = 1 ensures that C; be causal. Thus, by assuming that the input and the output of the plant
are affected be unknown additive disturbances n,, and n,, the ASC system (Fig. 2.1), denoted by
(P/Cy(.), is as follows 2

{ y(t) = Plu+ n,](t) + ny(t) teZ, (2.6)

u(t) = Coy[r — yl(t)

where o(t), o(t) € N, is the index that identifies the controller connected in feedback to P at time ¢.
Given a family € of candidate controllers, the goal of the supervisory unit is selecting o (t) in (2.6)
so as so ensure that (P/C,(.)) be N-stable, viz. ensuring (2.3) with z := {u,y} and w := {r,ny,n,}.

Accordingly, the minimal requirement on % is as follows.

Problem Feasibility 1: The candidate controller set ¥ contains at least one controller C; such that
(P/C;) is N-stable.

2Hereafter, v = B[u] denotes a causal mapping from the input vector u to the output vector v.
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The state of a controller at the switch-on time can be either arbitrarily initialized or, per-
haps, initialized by bumpless control transfer techniques [GGS01] or common state multicontroller
schemes [Mor95], so as to reduce as much as possible the transients caused by switching from one
controller to a different one, particularly in case some candidate controllers are open-loop unstable

(see Appendix A).

The high-level device responsible for orchestrating o(t) is the switching supervisor. As an-
ticipated, in UASC, the feedback adaptation task of classic adaptive control is replaced by controller
falsification. The active controller can be falsified via a comparative experiment, by resorting to the
virtual reference concept introduced in [ST95]. To this end, for each ¢ € N, one solves in real-time
the difference equation

ri(du(t) = Si(d)(vi(t) —y(t)),  te€Zy (2.7)
with respect to the virtual reference v;, which can be done provided that C; is causal, and stably
causally invertible (CSCI), that is, S;(d) strictly Hurwitz. In words, v; equals the fictitious reference
that, if injected into the feedback system (P/C;), would reproduce z = {u,y}. In other terms, if
(P/Cy(.) is intended as the (time-varying) causal transformation (2.6) mapping w = {r, 7., n,} into

z, we find:

y(t) = Plu+nu](t) +ny ()
u(t) = Cilvi = yl(#)

where w; := {v;,ny,ny} and (P/C;) is the (time-invariant) causal transformation made up by the
plant P fed-back by C;.

2= (P/Coy)lu] = (P/C)[wi] & { teZy  (28)

Remark 2.2.1 — While next results hinge upon the assumption that all C;’s be CSCI, one can
prove, along the same lines as in [MCMSO07], that the same conclusions hold true for possibly non-
stably invertible C;’s provided that a modified v;, call it w;, e.g., @;(t) = r;(d)u(t) + S;(d)y(t), be
appropriately used. Furthermore, the restriction according to which all the controllers are LTI can
be removed [SWPS07].

The introduction of the v;’s makes it possible to causally compute from z nonnegative test
functionals Vi(t) := U;(2"), t € Z, pairwise associated with the candidate controller C;. At every
t € Z4, the supervisor compares the N test functionals and selects the controller index via the

following Hysteresis Switching Logic (HSL) 3:
1 in {Vi(t) — h - :
o(t +1) € argmin {Vi(t) = hdio(n}, o(0) = oo, (2.9)

where og is arbitrary in IV, h > 0 is the hysteresis constant and d; ; the Kronecker’s index. Whenever

arg min is not unique, a particular value for o(t+1) is chosen among those that achieve the minimum.

3 Alternatively to (2.9), a multiplicative HSL o(t+1) € argmingen {Vi(t)(1 — hé; 5(1))}, 0 < h < 1, — the so-called
scale-independent HSL [Hes98, HLM*01] — can be considered.
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2.2.1 Main result

In UASC analysis, a fundamental role is played by the next Hysteresis Switching Logic
Lemma [MMG92]. Let & denote the class of all possible switching functions o : Zy — N giving rise
to the switched system (P/Cy(.)). Consider the assumptions:

A1l. For each s € G and i € N, V;(t) admits a limit (even infinite) as t — oo;
A2. There is at least one integer m € N such that V,,,(+) is bounded for each s € &.

Lemma 2.2.1 (HSL Lemma) — Consider the ASC system (2.6) with o () selected in accordance
with the HSL (2.9). Then, if A1 and A2 hold, for any initial condition and any reference r, there is
a finite time ¢ such that o(t) = f for every t > ¢;. Moreover, V;(-) is bounded. O

The key property enabling test functionals to be used in the HSL Lemma relies on the concept of
cost-detectability, here adapted from [SWPS07].

Definition 2.2.1 — Given the test functional V' := {V;, i € N} and the controller family %, the
pair (V, %) is said to be N-cost-detectable if for every C, () € € with finitely many switching times
and final switched-on controller Cy € ¥, the following statements are equivalent: 1) V;(-) is bounded,;
2) Stability of the system (P/Cy(.)) mapping r into z is unfalsified by {r, z}.

Cost detectability 4 allows one to use suitable V;’s for detecting any instability trend ex-

hibited by the ASC system (2.6). To see this, it is convenient to avail of the following lemma.

Lemma 2.2.2 — Consider the ASC system (2.6) with o(¢) selected in accordance with the HSL
(2.9). Suppose that controller switching eventually stops and that the final controller Cy is CSCL

Then the virtual reference vy converges exponentially to the true reference .

Proof. For the final controller C, equation (2.7) yields Sy(d)v;(t) = Sy(d)y(t) +r;(d)u(t). Further,
regardless of the state the controller Cy is in at time t¢, one has that for t > t; + p with p =
max{deg Sy,deg ry}

ri(d)u(t) = Sy(d)r(t) — Sy(d)y(t)
Thus, one concludes that Sy(d)(vs(¢t) —r(t)) =0, t >ty + p. This, in turn, implies that vy (t) —r(t)
converges exponentially to zero being Sy(d) strictly Hurwitz by hypothesis. O

In the light of Lemma 2.2.2, a simple way to enforce cost-detectability is to select V' so as to provide

an estimate of the A/ — N induced gain of the map embodied by (P/C;) from v; to z, e.g.

Vi(t) := maX{HZT” T=0,- ,t} (2.10)

plorll”

4Note that the notion of Cost Detectability coincides with the concept of Gain-Relatedness in case, as the present
one, the controllers are LTI and CSCI [SWPS07].
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where 1 > 0 accounts for possible non-zero initial states as well as unknown bounded disturbances.
Functionals as (2.10), in the context of the ls-norm and noise-free environments, have been widely
analyzed [SWPS07, SS08]. Next theorem extends such results to arbitrary signal norms as well as

to the presence of unknown exogenous disturbances.

Theorem 2.2.1 — Consider the ASC system (2.6) with o(t) selected in accordance with the HSL
(2.9). Let all the LTI candidate controllers be CSCI. Then, for any possible v, provided that:

B1. The pair (V,%) is N -cost-detectable;
B2. Problem Feasibility 1 holds; and
B3. The disturbances n,, and n, belong to N(Z..);

the HSL Lemma holds and N -stability of the final feedback system (P/Cy) is unfalsified by the
experimental pair {r, z}. Consequently, the ASC system is N -stable.

Proof. See Appendix A. O

The assumption that the disturbances n, and n, belong to N(Z; ) is crucial to ensure
that the test functionals V;’s remain bounded for the indices related to N-stabilizing controllers.
An important consequence of this state of affairs is that test functionals defined with respect to the
empirical lo-gain are inadequate to deal with disturbances belonging to l.(Z4) but not to l2(Z).

The interested reader is referred to [BMSTO8] for an in-depth discussion of this issue.

2.3 Relationships among Stability Notions in Unfalsified ASC

As a consequence of Theorem 2.2.1, N -cost-detectability of (V, %) allows one to select a
time-varying control yielding an A-stable switched system (P/Cy(.)), provided that Problem Fea-
sibility 1 hold. However, N-stability of (P/C,.)) does not imply that the the final loop (P/Cj)
be such. In fact, Theorem 2.2.1 does not state that the switching index o(t) stops onto an N-
stabilizing controller: In order to enforce such a property, an adequate excitation is indeed required.
Theorem 2.2.1 only states that A-stability of (P/CY) is unfalsified by the experimental data {r, z}.
Accordingly, even if P is a finite dimensional LTI (FDLTTI) system (and, hence, (P/CY) is such), one
cannot resort to classic stability results [BD87] as N-stability unfalsification of (P/Cy) by {r, z}
need not imply unfalsification of (P/Cy) by {r, z} relatively to any other normed space deriving
from (2.1) and (2.2). As exemplified below, Theorem 2.2.1 assumptions are indeed non-conservative

and indicate that careful attention must always be paid to the test functional choice.
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2.3.1 Example # 1
Let P(d) := acd, & > 0, be the transfer function of the uncertain plant, and
Ci(d) :=a/(1—(1+a?) d) (2.11)

be the transfer function of one of the candidate controllers in the family €. It is immediate to see
that C; does not stabilize P. In fact, the transfer functions G, and Gy, of (P/C;) which map r
into u, and, respectively, y, are given by G.-(d) = a/(1 — d) and G,,(d) = o*d/(1 — d). Consider
two functionals Vj(p) as in (2.10), computed with respect to the ls-norm and the l,-norm.. For the
sake of clarity, consider zero plant initial conditions and zero noises/disturbances. Suppose that C;
be initially switched-on. Accordingly, as long as C; is kept in the loop, v; = r, and

V(1) = max{ : LIFZ|1[|5||p’ =0, ’t} . p=200 (2.12)
Suppose also that Problem Feasibility 1 be satisfied, and, in particular, that € contain a candidate
controller which internally stabilizes P. Now, let o(t) be selected in accordance with the HSL (2.9)
with V;(t) := Vi(z)(t). As shown next, in response to certain reference signals, Vj(z) stays bounded
over Zy. Thus, provided that the hysteresis h be sufficiently high, C; cannot be switched-off. Since
(P/C;) is unstable, equivalence among I/O stability notions fails to hold. In particular, as Vj(oo)

grows unbounded, the switched system turns out to be [, .-unstable. To see this, define

k k
Ak) =2 (i +1), B(k) :=2 (Z (i +4) + (k+ 1)3>

=2 =2

and let Zy = ey, (IF UIE), Zy :={1,2,...}, where
Iy == {A(k),--, B(k) —1},
and I = I U I% is defined as
Ly, = {B(k), -, B(k) +k},
Iy={Bk)+k+1, -, Ak+1)—1},
Consider now the following reference:

(71)157 te I{c
r(t) == 1, tel, ke (2.13)

-1, telk
In words, over the interval I}, the reference 7 is a rectangular wave of period increasing with k, while
uw and y are triangular waves with increasing amplitude. It is immediate to conclude that neither u

nor y are in lo(Z4 ), then, Vj(oo) defined in (2.12) grows to infinity. In fact, as depicted in Fig.2.2,

u(t) = ang, tely (2.14)
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Figure 2.2: Reference r and control input u of Example # 1 for a = 1

where ny > 1, k € Z,, is the n-th sample over I5 . On the contrary, the functional Vj(z) defined
in (2.12) stays bounded over Z,. To see this, notice first that ||y*[|3 = a® >4 u3(k — 1) < o?[[u?|]3,
t € Z,. Thus, it suffices to focus the attention on the ratio ||[u’||3 /||r*||3. Over the intervals I,
i € k, k € Zq, the input u is a triangular wave with energy 2a? 23:1 §2 + a?(i + 1)2. Hence, over
I¥. k € 7y, one has

K+l k41 i1
[l < o ZZS + Z 202 ZjQ + a?i?
i=2 i=2 j=1
k1 k1 k41

= Y @+ a? ) 2733 + %i§2a2 Y
1=2 1=2 1=2

where the first term on the right hand side of the first inequality is the amount of the energy of u
accumulated during IF. Over the same intervals,

k+1
Itz > 2y il (2.15)
=2

the latter being the amount 