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The problem

The homingalgorithm

Given a permutation 2 S, repeat the followingplacementstep:
I Choose an entry (i) such that (i) 6 i.
I Place (i) in the correct position.
I Shift the other entries as necessary.

[010101010107010)
—
[010101010107010)
D
[010101010101010)
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The problem

Main questions

I Does the algorithm always nish?  YES
I How many steps does it take in the worst case...

I with a good choice of placements?
1 with a random choice of placements?
I with a bad choice of placements?
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Fast Homing

Well-chosen placements

Theorem
An algorithm that always places the smallest or largest ¢afalie
number will terminate in at most n 1 steps.
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Theorem
An algorithm that always places the smallest or largest ¢afalie
number will terminate in at most n 1 steps.

Theorem
Let k be the length of the longest increasing subsequence.in
Then no sequence of fewer than k placements can sort.
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Fast Homing

Well-chosen placements

Theorem
An algorithm that always places the smallest or largest ¢afalie
number will terminate in at most n 1 steps.

Theorem
Let k be the length of the longest increasing subsequence.in
Then no sequence of fewer than k placements can sort.

Theorem
The permutation n:: 21 is the only one requiring nl steps.
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Fast Homing

Random placements

Theorem
The expected number of steps required by random homing from
2 S, is at most2*p 2,
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Fast Homing

Random placements

Theorem
The expected number of steps required by random homing from
2 S, is at most2*p 2,

Proof.

I Suppose that we have a permutation wheteof the extremal
numbers are home:
12374639
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Fast Homing

Random placements

Theorem
The expected number of steps required by random homing from
2 S, is at most2*p 2,

Proof.

I Suppose that we have a permutation wheteof the extremal
numbers are home:
123746589

| With probability -2, the next step will place an additional

extremal number.
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Fast Homing

Random placements

Theorem
The expected number of steps required by random homing from
2 S, is at most2*p 2,

Proof.

I Suppose that we have a permutation wheteof the extremal
numbers are home:
123746589

| With probability -2, the next step will place an additional

extremal number. b
| Total expected number of steps is = p_¢& "X.
O
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Example

Main Theore
Slow Homing Proof

Proof

Slow Homing: Example

Starting from
234567::n1

place always the leftmost possible entry:
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Slow Homing

Slow Homing: Example

Starting from
234567.::n1

place always the leftmost possible entry:

324567.::n1
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Slow Homing

Slow Homing: Example

Starting from
234567.::n1

place always the leftmost possible entry:

324567.::n1
243567:::n1
423567:::n1
235467:::n1
325467:::n1
253467:::n1

It takes 2' 1 1 steps to sort this permutation.
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Main result

Theorem
Homing always terminates in at mos” 1 1 steps.
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Slow Homing {

Main result

Theorem
Homing always terminates in at mos” 1 1 steps.

To prove this, consider the reverse algorithm.

We will show that, starting from the identity permutation, re can
perform at most 2 1 1 displacements
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xample
Theorem
Slow Homing Proof: Stage 1
Proof: Stage 2

Main result

Theorem
Homing always terminates in at mos” 1 1 steps.

To prove this, consider the reverse algorithm.
We will show that, starting from the identity permutation, re can
perform at most 2 1 1 displacements

on 1l 1= ??Zf + :f”_{zz_%

until 1 and n are displaced after displacing 1 andh
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Main Theorem

Slow Homing Proof: Stage 1
Proof: Stage 2

Lemma
After 2" 2 displacements, boti and n have been displaced and
will never be displaced again.
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Example
Main Theorem

Slow Homing Proof: Stage 1
Proof: Stage 2

Lemma
After 2" 2 displacements, boti and n have been displaced and

will never be displaced again.

Proof.
I Note that 1 andn can each be displaced only once.
I If after 2" 2 displacements one of these values hasn't been
displaced, then it played no role in the process.
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Example
Main Theorem

Slow Homing Proof: Stage 1
Proof: Stage 2

Lemma
After 2" 2 displacements, boti and n have been displaced and

will never be displaced again.

Proof.

I Note that 1 andn can each be displaced only once.
I If after 2" 2 displacements one of these values hasn't been
displaced, then it played no role in the process.
I Hence the remainingn 1 numbers allowed more thar'2? 1
steps, contradicting the induction hypothesis.
O
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n Theorem
Slow Homing Proof: Stage 1
Proof: Stage 2

The code of a permutation

Assume now that 1 aneh have both been displaced.
We'll show that only 2 2 1 more displacements can occur.
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Main Theorem

Slow Homing roof: Stage 1
1 S

The code of a permutation

Assume now that 1 aneh have both been displaced.

We'll show that only 2 2 1 more displacements can occur.

Assign to each permutation acode ( )= » 3::: , 1, where
8 9

< 0 = < exactly =
=, + _ ifentryiis_  to therightof = home.
' ’ " to the left of ~
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Slow Homing Pr age
Proof: Stage 2

The code of a permutation

Assume now that 1 aneh have both been displaced.

We'll show that only 2 2 1 more displacements can occur.

Assign to each permutation acode ( )= » 3::: , 1, where
8 9

< 0 = < exactly =
=, + _ ifentryiis_  to therightof = home.
' ’ " to the left of ~

Example
=35618472 ! ()= + + 0
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Proof: Stage 2

The weight of a code

De ne the weight of a code recursively:
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Slow Homing Proof: Stage 1
Proof: Stage 2

The weight of a code

+ + 0
5 1 3 3 4

De ne the weight of a code recursively:

I For each , count the number of symbols to its left, and
for each+, count the number of symbols to its right.
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Main Theorem

Slow Homing roof: Stage 1
1 S

The weight of a code

+ + 0
5 1 3 3 4
+ 0

De ne the weight of a code recursively:

I For each , count the number of symbols to its left, and
for each+, count the number of symbols to its right.

I Let d be the largest of these numbers, and letbe the code
obtained by deleting the corresponding symbol.
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mple

Main Theorem

Slow Homing roof: Stage 1
1 S

The weight of a code

+ + 0
5 1 3 3 4
+ 0

De ne the weight of a code recursively:
I For each , count the number of symbols to its left, and
for each+, count the number of symbols to its right.

I Let d be the largest of these numbers, and letbe the code
obtained by deleting the corresponding symbol.

| Dene
w( )=2%+ w("):
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The weight of a code: example

w( + + 0)
5 1 3 3 4
=25+ w( + 0)

, Peter Winkler A greedy sorting algorithm



Slow Homing age
Proof: Stage 2

The weight of a code: example

w( + + 0)
5 1 3 3 4
=25+ w( + 0)

0 3 2 3
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Example

Main Theorem
Slow Homing Proof: Stage 1

Proof: Stage 2

The weight of a code: example

w( + + 0)
5 1 3 3 4
:25+W( + 0)

0 3 2 3
=25+23+ w( + 0)
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Example
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The weight of a code: example

w( + + 0)
5 1 3 3 4
:25+W( + 0)

0 3 2 3
=25+23+ w( + 0)
0 2 2
=25+23+22+ w( + 0)
0 1
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Example
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The weight of a code: example

w( + + 0)

5 1 3 3 4
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Example
Main Theorem
Slow Homing Proof: Stage 1
Proof: Stage 2

The weight of a code: example

w( + + 0)

5 1 3 3 4

=25+ w( + 0)
0 3 2 3

=2%5+23+ w( + 0)
0O 2 2

=25+23+22+ w( + 0)
0 1

=25+23+22+421 4+ w( 0)
0
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Example
Main Theorem
Slow Homing Proof: Stage 1
Proof: Stage 2

The weight of a code: example

w( + + 0)

5 1 3 3 4

=25+ w( + 0)
0 3 2 3

=2%5+23+ w( + 0)
0O 2 2

=25+23+22+ w( + 0)
0 1

=25+23+22+421 4+ w( 0)
0

=2%5+23+22+21+20+ w(0)
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Example
Main Theorem
Slow Homing Proof: Stage 1

Proof: Stage 2

The weight of a code: example

w( + + 0)

5 1 3 3 4

=25+ w( + 0)
0 3 2 3

=2%5+23+ w( + 0)
0O 2 2

=25+23+22+ w( + 0)
0 1

=25+23+22+421 4+ w( 0)
0

=2%5+23+22+21+20+ w(0)
=25+23+22+21+20 = 47
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Lemma
The maximum of w ) over codes of length k is2k 1, for
codes of the form+ + +
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mple
Main Theorem
Slow Homing Proof: Stage 1
Proof: Stage 2

Bound on the weight

Lemma
The maximum of w ) over codes of length k is2k 1, for
codes of the form+ + +

Proof.
In the recursion,
w( ) 2T+ w(n);

with equality when a is deleted from the right or & from the
left. O
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Slow Homing Stage 1
Proof: Stage 2

The weight increases at each displacement

Lemma

Let 2 S,with (1) 61 and (n) 6 n, and let %be the result of
applying some displacementto. Let = ( )and °= (9.
Then

w( ) >w():
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Let 2 S,with (1) 61 and (n) 6 n, and let %be the result of
applying some displacementto. Let = ( )and °= (9.
Then
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Slow Homing Stage 1
Proof: Stage 2

The weight increases at each displacement

Lemma

Let 2 S,with (1) 61 and (n) 6 n, and let %be the result of
applying some displacementto. Let = ( )and °= (9.
Then

w( ) >w():

Proof sketch.

I A numberi can be displaced i | = 0in the code.

I If it is displaced to the left, then ;| becomes a , and some
entries ; with j < i can change from to Oor fromOto +.
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Slow Homing Stage 1
Proof: Stage 2

The weight increases at each displacement

Lemma
Let 2 S,with (1) 61 and (n) 6 n, and let %be the result of
applying some displacementto. Let = ( )and °= (9.
Then
w( 9> w( )
Proof sketch.
I A numberi can be displaced i | = 0in the code.

I If it is displaced to the left, then ;| becomes a , and some
entries ; with j < i can change from to Oor fromOto +.

I It can be shown that this increases the weight of the code.
O



Slow Homing of: Stag
Proof: Stag

Finishing the proof

Combining these lemmas, the maximum number of
displacements is

I at most 2' 2 until 1 andn are displaced, plus

I at most 2' 2 1 after 1 andn have been displaced.
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Slow Homing of: Stag
Proof: Stag

Finishing the proof

Combining these lemmas, the maximum number of
displacements is

I at most 2' 2 until 1 andn are displaced, plus

I at most 2' 2 1 after 1 andn have been displaced.

Soatmost? 1 1in total.
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Counting bad cases

The number of worst-case permutations

h( ) = max. length of a seq. of placements from to 12:::n.
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Counting bad cases

The number of worst-case permutations

h( ) = max. length of a seq. of placements from to 12:::n.
Mp=f 2S,:h()=2"1 1g.
Ex: 23:::n12 M,.
Theorem o
Bn1 j Maj (n 1)f

where B, = n-th Bell number=# partitions off1;2;:::;ng.
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Counting bad cases

The number of worst-case permutations

h( ) = max. length of a seq. of placements from to 12:::n.
Mp=f 2S,:h()=2"1 1g.
Ex: 23:::n12 M,.

Theorem o
Bn1 j Maj (n 1Y

where B, = n-th Bell number=# partitions off1;2;:::;ng.

B, grows super-exponentially:

1 -
B p_ﬁ (n)n+1—ze (n) n 1;

where (n) = W?n)' andW (n)eW (™ = n,
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Counting bad cases

The number of worst-case permutations

fig=if 2Mij: ()=t 5 o 0
X .
F(u;v) = fiij u'v!
. . P
IMpj =

i+j=n fij is the coe cient of t" in F(t;t).
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Counting bad cases

The number of worst-case permutations

fij=iJf 2Mj: ()= |_{Z_"‘}|_{Z_}9j
i1 i1
X o
F(uyv) = fiju'v!
i;j 1
jMnj = i,j=nfi;i is the coe cient of t" in F(t;t).
Theorem
@ 2.2 @
F(u;v)= uv+ uv—F(u;v) + uv— Fuv uvi——F(u;v
(u;v) @ (u;v) @ (u;v) aa (u;v)
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Counting bad cases

23451 34251 34521 34512 45213 43621 45231 4351245132 53412 5413235412 45123 54123 51423 5123¢

124 5123

sase suz s 4

Bl4 3s2l4 3421 54213 25418

23501 32 sspal sal 54231 13

53214 52143

o

~_ \,
aasr gy atszs awsa ausz

as3 43ts2

1524 12532 1345214523 1542315234
31562 24 13526 15243

1532 agsaz 15

23154 21453 31254 21534

eter Winkler A greedy sorting algorithm
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23451 34251 34521 34512 45213 43621 45231 4351245132 53412 5413235412 45123 54123 51423 5123¢

124 5123

sase suz s 4

Bl4 3s2l4 3421 54213 25418

23501 32 sspal sal 54231 13

53214 52143

I I I‘ ‘ ~_ \,
woss as  saigedasm asw sus

\
1524 12532 1345214523 1542315234

31562 24 13526 15243

1532 agsaz 15
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23154 21453 31254 21534
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