
The Möbius fun
tion of thepermutation pattern poset

Einar SteingrímssonReykjavík University

Joint work (in progress) with Bridget Tenner (and Eri
 Babson)



Theorem (M. Friedman): There is no free lun
h.
2



Theorem (M. Friedman): There is no free lun
h.
3



To 
ompute the Möbius fun
tion for the pattern poset
4



To 
ompute the Möbius fun
tion for the pattern poset

Wilf (2002): Should be done

5



To 
ompute the Möbius fun
tion for the pattern poset

Wilf (2002): Should be done

Wilf (Otago, 2003): A mess. Don't tou
h it.
6



To 
ompute the Möbius fun
tion for the pattern poset

Wilf (2002): Should be done

Wilf (Otago, 2003): A mess

7



To 
ompute the Möbius fun
tion for the pattern poset

Wilf (2002): Should be done

Wilf (Otago, 2003): A mess

Sagan-Vatter (2005): Solution for layered permutations
8



· · · 2314 · · ·

123 132 213 231 312 321

12 21
1

The bottom of the poset P 9



· · · 2314 · · ·

123 132 213 231 312 321

12 21
1

The interval [12,2314] 10



The interval [12,2134]: 2134
12

11



The interval [12,2134]: 2134
12

12



The interval [12,2134]: 2134

213

12

13



The interval [12,2134]: 2134

213 214 234 134

12

14



The interval [12,2134]: 2134

213 214 234 134

12

15



The interval [12,2134]: 2134

213 213 234 134

12

16



The interval [12,2134]: 2134

213 213 234 134

12

17



The interval [12,2134]: 2134

213 213 234 134

12

18



The interval [12,2134]: 2134

213 213 234 134

12

19



The interval [12,2134]: 2134

213 213 234 134

12

20



The interval [12,2134]: 2134

213 213 123 134

12

21



The interval [12,2134]: 2134

213 213 123 134

12

22



4312
12

23



4312

312 412 432 431

12

24



4312

312 412 432 431

12

25



4312
312 432 431

12

26



4312
312 432 431

12

27



4312
312 432 431don't 
ontain 12

12

28



4312
312

12

29



Computing the Möbius fun
tion

•

• • •

• • •

•

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 30



Computing the Möbius fun
tion

•

• • •

• • •

•

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 31



Computing the Möbius fun
tion

•

• • •

• • •

•1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 32



Computing the Möbius fun
tion

•

• • •

• • •

•1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 33



Computing the Möbius fun
tion

•

• • •

• • •

•

-1
1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 34



Computing the Möbius fun
tion

•

• • •

• • •

•

-1 -1 -1
1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 35



Computing the Möbius fun
tion

•

• • •

• • •

•

2
-1 -1 -1

1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 36



Computing the Möbius fun
tion

•

• • •

• • •

•

2
-1 -1 -1

1

µ(x, y) = 2

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 37



Computing the Möbius fun
tion

•

• • •

• • •

•

y

-1 -1 -1
x

µ(x, y) = 2

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 38



Computing the Möbius fun
tion

•

• • •

• • •

•

y

-1 -1 -1
0̂

µ(0̂, y) = 2

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 39



Computing the Möbius fun
tion

•

• • •

•

y

-1 -1 -1
0̂

µ(0̂, y) = 2

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 40



Computing the Möbius fun
tion

•

• • •

• • •

•

-1
1 2 0

-1 -1 -1
1

Def: The Möbius fun
tion of P is determined by µ(x, x) = 1and ∑

x6t6y

µ(x, t) = 0 if x < y 41



41756823
3124 42



41756823

Only one o

urren
e
3124 43



41 23

Only one o

urren
e

44



41 23

1 23 3 12 31 2

12 1 2 2 1 21

1 1

45



0
0 0 1

0 1 1 0

-1 -1
1 46



0
0 0 1

0 1 1 0

-1 -1
1 47



41 23

1 23 3 12 1

12 1 1 21

-1 -1
1 48



Interval blo
ks 41 23

1 23 3 12 1

12 1 1 21

-1 -1
1 49



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.

50



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:
879416235

51



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:

the 
omplement: 8794 6

52



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:

the 
omplement: 8794 6

53



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:
8794 6

An interval blo
k is a segment of length at least 2 
ontain-ing the letters {k, k + 1, . . . , k + m} for some k and m.
54



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:
8794 6

An interval blo
k is a segment of length at least 2 
ontain-ing the letters {k, k + 1, . . . , k + m} for some k and m.

A simple permutation π is a permutation whose only intervalblo
k is π itself. 55



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.The o

urren
es of 123 in 879416235:
8794 6

An interval blo
k is a segment of length at least 2 
ontain-ing the letters {k, k + 1, . . . , k + m} for some k and m.

Theorem: If the 
omplement of σ in τ 
ontains an intervalblo
k, then µ(σ, τ) = 0.

56



The 
omplement of σ in τ 
onsists of the blo
ks of 
on-tiguous letters in τ that do not belong to any o

urren
eof σ.
µ(123,879416235) = 0

An interval blo
k is a segment of length at least 2 
ontain-ing the letters {k, k + 1, . . . , k + m} for some k and m.

Theorem: If the 
omplement of σ in τ 
ontains an intervalblo
k, then µ(σ, τ) = 0.

57



Theorem: If the 
omplement of σ in τ 
ontains an intervalblo
k, then µ(σ, τ) = 0.

58



Theorem: If the 
omplement of σ in τ 
ontains an intervalblo
k, then µ(σ, τ) = 0.

Proof: If the 
omplement of σ in τ 
ontains an intervalblo
k of size k, then the interval [σ, τ ] is a produ
t Q×Ck+1,where Ck+1 is a 
hain of k + 1 elements.

59



Theorem: If the 
omplement of σ in τ 
ontains an intervalblo
k, then µ(σ, τ) = 0.

Proof: If the 
omplement of σ in τ 
ontains an intervalblo
k of size k, then the interval [σ, τ ] is a produ
t Q×Ck+1,where Ck+1 is a 
hain of k + 1 elements.The Möbius fun
tion of the produ
t of two posets is theprodu
t of their MF's, and the Möbius fun
tion of a 
hainwith at least 3 elements is 0.

60



316254
321

61



316254

Only one o

urren
e
321

62



316254

Only one o

urren
e
321

63



316254

Only one o

urren
e � 
onstru
t boolean algebra on
omplement
321

64



316254

16254 36254 31654

6254 1654 3654

321

65



316254

16254 36254 31654

6254 1654 3654

321To get a
tual elements of the interval, redu
e to standard form66



316254

15243 25143 21543

4132 1432 1432

321

67



316254

15243 25143 21543

4132 1432 1432

321

68



316254

15243 25143 21543

4132 1432
321

69



316254

15243 25143 21543

4132 1432
321Interval blo
ks?

70



316254

15243 25143 21543

4132 1432
321Interval blo
ks?

71



1
-1-1

11 0

-1

72



316254

15243 25143 21543

4132 1432
321

73



316254

15243 25143 21543

4132 1432
321Theorem: Suppose σ o

urs pre
isely on
e in τ , and thatthe 
omplement of σ in τ has no interval blo
ks. Then

µ(σ, τ) = (−1)|τ |−|σ|. 74



316254

15243 25143 21543

4132 1432
321Theorem: Suppose σ o

urs pre
isely on
e in τ , and thatthe 
omplement of σ in τ has no interval blo
ks. Then

µ(σ, τ) = (−1)|τ |−|σ|.
µ(321,316254) =

(−1)6−3 = −1

75



316254

15243 25143 21543

4132 1432
321Same poset. . .

76



326154

25143 25143 21543

4132 1432
321Now there are two o

urren
es.

77



326154

25143 25143 21543

4132 1432
321Now there are two o

urren
es. But, . . .

78



326154

25143 25143 21543

4132 1432
321Now there are two o

urren
es. But, we 
an still freeze theletters 4,5,6 as before, 
onstru
t the Boolean algebra onthe rest, and obtain an isomorphi
 poset. 79



316254

15243 25143 21543

4132 1432
321Theorem and Def: Let <σ> be a parti
ular o

urren
eof σ in τ , and let [< σ >, t] be the o

urren
e poset de-�ned as above. Suppose there is no interval blo
k in the
omplement of <σ> in τ . Then µ([<σ>, τ ]) = (−1)|τ |−|σ|. 80



P̂ :

316254

15243 25143 21543

4132 1432
321Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑

i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements. 81



Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑
i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements.

82



Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑
i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements.Lemma: Suppose there are two o

urren
es of σ in τ . Let

S1 and S2 be the two o

urren
e posets. Then

µ(σ, τ) = µ(S1) + µ(S2) − µ(S1 ∩ S2)

83



Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑
i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements.Lemma: Suppose there are two o

urren
es of σ in τ . Let

S1 and S2 be the two o

urren
e posets. Then

µ(σ, τ) = µ(S1) + µ(S2) − µ(S1 ∩ S2)Proof: Count 
hains.

84



Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑
i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements.Lemma: Suppose there are two o

urren
es of σ in τ . Let

S1 and S2 be the two o

urren
e posets. Then

µ(σ, τ) = µ(S1) + µ(S2) − µ(S1 ∩ S2)Proof: Count 
hains.

Generalizes to any number of o

urren
es.

85



Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑
i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements.Lemma: Suppose there are two o

urren
es of σ in τ . Let

S1 and S2 be the two o

urren
e posets. Then

µ(σ, τ) = µ(S1) + µ(S2) − µ(S1 ∩ S2)Proof: Count 
hains.

Generalizes to any number of o

urren
es.

So, if the interse
tions are ni
e. . . 86



P̂ :

316254

15243 25143 21543

4132 1432
321Theorem (Philip Hall): The Möbius fun
tion of P̂ is givenby ∑

i (−1)iCi, where Ci is the number of 
hains of length iin P̂ that 
ontain both the minimal and maximal elements. 87



P :

•

•

•

• •

15243 25143 21543

4132 1432

Theorem (Philip Hall): The Möbius fun
tion of P̂ is∑

i

(−1)iCi, where Ci is the no. of 
hains of length i in P

88



P :

•

•

•

• •

15243 25143 21543

4132 1432

Equivalently: The Möbius fun
tion of P̂ equals the(redu
ed) Euler 
hara
teristi
 of the order 
omplex of P .
89



∆(P):
•

•

•

• •

4132 25143 21543

15243 1432

Equivalently: The Möbius fun
tion of P̂ equals the(redu
ed) Euler 
hara
teristi
 of the order 
omplex of P .
90



∆(P):
•

•

•

•

•

4132 25143
2154315243 1432

Equivalently: The Möbius fun
tion of P̂ equals the(redu
ed) Euler 
hara
teristi
 of the order 
omplex of P .
91



∆(P):
•

•

•

•

•

4132 25143
2154315243 1432

Fa
t: The Möbius fun
tion of P̂ equals χ̃(∆(P)).

Thus: The Möbius fun
tion of P̂ depends only on thehomotopy type/homology of ∆(P).

92



∆(P):
•

•

•

•

•

4132 25143
2154315243 1432

If we 
an 
ompute the h-ve
tor h(∆) = (h0, h1, . . . , hd),then hd = ±µ(σ, τ).

93



∆(P):
•

•

•

•

•

4132 25143
2154315243 1432

If we 
an 
ompute the h-ve
tor h(∆) = (h0, h1, . . . , hd),then hd = ±µ(σ, τ).If ∆(P) is shellable then a shelling may give the h-ve
tor.
94



∆(P):
•

•

•

•

•

4132 25143
2154315243 1432

If we 
an 
ompute the h-ve
tor h(∆) = (h0, h1, . . . , hd),then hd = ±µ(σ, τ).If ∆(P) is shellable then a shelling may give the h-ve
tor.

∆(P) is not always shellable. . . 95



Conje
tures:

96



Eri
 Babson: I always prefer being s
ooped to feeling Iought to be writing things myself.

97



Eri
 Babson: �I always prefer being s
ooped to feeling Iought to be writing things myself.�

98



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

99



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

100



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

101



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

• ∆(P) has the homotopy type of a sphere

102



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

• ∆(P) has the homotopy type of a sphere

Either 
onje
ture implies theorem:
µ([<σ>, τ ]) = (−1)|τ |−|σ|

103



•

•

•

•

•

4132 25143
2154315243 1432

104



•

•

•

•

•

4132 25143
2154315243 1432

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

105



•

•

•

•

•

4132 25143
2154315243 1432

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

106



•

•

•

•

4132 25143

15243 1432
• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

107



•

•

•

•

•

4132 25143
2154315243 1432

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere

108



•

•

•

•

•

4132 25143
2154315243 1432

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere
• ∆(P) has the homotopy type of a sphere

109



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere
• ∆(P) has the homotopy type of a sphere

110



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere
• ∆(P) has the homotopy type of a sphere
• ∆(P) is shellable

111



Let P̂ = [σ, τ ] and suppose σ o

urs pre
isely on
e in τ

Conje
tures:

• The sub
omplex of ∆(P) indu
ed by elements of P withnonzero Möbius fun
tion is a sphere
• ∆(P) has the homotopy type of a sphere
• ∆(P) is shellable (at least the nonzero part)

112



316254

16254 36254 31654

6254 1654 3654

321

113



16254 36254 31654

6254 1654 3654
114



1 2 3 2 31

2 1 3

115



1 2 3 2 31

2 1 3

116



Why 
are about the Möbius fun
tion?
117



Why 
are about the Möbius fun
tion?

Be
ause it's there. . .

118



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

119



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

120



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

121



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 2k − 1 ???

122



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

123



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

• If τ avoids 132 then |µ(σ, τ))| 6 σ(τ)

124



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

• If τ avoids 132 then |µ(σ, τ))| 6 σ(τ)Can be grossly violated if σ 
ontains 132

125



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
tures:

• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

• If τ avoids 132 then |µ(σ, τ))| 6 σ(τ). Equivalently:
126



Let σ(τ) be the number of o

urren
es of σ in τ .

Conje
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• If σ(τ) = 2 then |µ(σ, τ)| 6 3

• If σ(τ) = k then |µ(σ, τ)|) 6 f(k)

• If τ avoids 132 then |µ(σ, τ))| 6 σ(τ). Equivalently:

• If |µ(σ, τ))| > σ(τ), then τ 
ontains all of 132, 213, 231,312
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