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Abstract. We develop and test new algorithms for ranking alternative
3D protein conformations. The method enriches traditional approaches
based on pairwise statistical potentials with supervised preference learn-
ing. This is obtained by (1) interpreting traditional pair potential mod-
eling as maximum likelihood unsupervised learning, (2) by deriving ker-
nels based on the parameters of the likelihood function that are used
to measure the similarity between two conformations, and (3) by apply-
ing SVM ordinal regression to learn a ranking function over alternative
conformations. Empirical tests on a realistic set of PDB proteins show
the effectiveness of the proposed algorithm and significant improvements
over the plain pair potential approach.



1 Introduction

Automatic prediction of protein structure is a challenging task when sequence or
fold similarity with respect to proteins of known structure is low. Improvements
towards solving the problem of “de-novo” prediction and remote homology de-
tection have important implications and may help to narrow the gap between the
exponentially increasing number of known sequences and the slowly increasing
number of known structures.

State-of-the-art algorithms for the prediction of protein structures often pro-
duce multiple candidate three-dimensional models. In the case of fold recogni-
tion, tens or hundreds of candidates may be created by weak matches to known
structures present in a fold library. Similarly, the most successful “de-novo”
methods for structure prediction regularly produce tens of thousands of po-
tential candidates. These methods use fragment-insertion approaches [1] where
the protein conformational space is explored by assembling fragments extracted
from available structures. Often these ensembles contain very good structures.
The primary difficulty is to discriminate between correctly folded models (near-
native structures) and incorrectly folded models (decoys) in such large ensem-
bles. Theoretically, the estimation of the free energy associated with a protein
structure is a natural solution for ranking alternative candidate structures. The
free energy is a function of the spatial interactions of protein’s atoms between
themselves and with solvent atoms. The native structure N(P ) of a protein P
is thought to correspond to the lower energy state accessible in equilibrium. In
general, however, the real energy function cannot be evaluated and one needs
to resort to an approximating scoring function U(X|M) defined according to an
underlying statistical model M . In so doing, the predicted native structure can
be retrieved as

N̂(P ) = arg min
X∈X (P )

U(X|M) (1)

being X (P ) the set of alternative conformations of P .
Over the past 20 years, a wide variety of scoring functions have been pub-

lished in the literature. By far the most popular and largely successful approach
is based on collecting statistics about pairwise distances between residues [2, 1,
3, 4]. Interestingly (see details in Section 2), the energy model based on statis-
tical potentials can be naturally interpreted as a generative probabilistic model
trained on the set of available native structures. Generative models are usually
trained by unsupervised learning algorithms and do not make use of “negative”
examples. In the present context this means that decoys generated by structure
prediction algorithms are not taken into account. In this paper we develop a
novel alternative technique for deriving a suitable scoring function from data
that is based on a discriminant learning process. Being informed about the bias
due to the specific prediction algorithm in exploring the conformation space,
supervised (discriminant) learning can be expected to produce more accurate
solutions. The algorithm proposed in this paper is based on support vector ma-
chines (SVM) trained on a preference learning task where decoys should receive



lower preference scores when compared to good or native structures. To mea-
sure the similarity between structures we introduce new kernel functions derived
from pair potentials. The general idea is that pair potentials can be seen as
generative probabilistic models trained by maximum likelihood on the native
structures. Several kernels have been proposed in the literature to exploit proba-
bility distributions fitted on the data in an unsupervised fashion. Fisher kernels
were introduced by [5] in the context of remote homology detection, where the
generative component consisted of a hidden Markov models trained on protein
families. Probability product kernels [6] are based on the idea that each datum
is mapped to a probability distribution and a measure of similarity between
distributions (e.g. Bhattacharyya) is used to construct the kernel. Histogram in-
tersection kernels [7] have been introduced in the context of image classification
and builds on similar ideas replacing products by the minimum operator when
comparing distributions. The kernels we propose here are based on the idea that
a probability distribution can be naturally associated to the energy model of a
protein structure according to Boltzmann law. In this way, kernels on probability
distributions (such as those mentioned above) will compare two conformations
by measuring the contributions of interacting pairs to energy potentials.

The remainder of this paper is organized as follows. In Section 2 we briefly
review the pair potential approach and discuss our interpretation of it as a
generative model for unsupervised learning. In Section 3 we present an ordinal
regression solution to the problem of scoring protein structural models. In Section
4 we describe the kernels used to build the scoring function. In Section 5 we report
an empirical evaluation of our method on a data set of 266 proteins. Finally some
conclusions are drawn in Section 6.

2 Learning from natives with statistical potentials

We briefly review knowledge-based statistical potentials. Here we present the
method in terms of maximum likelihood unsupervised learning, a formulation
that is suitable for subsequent derivation of the kernels to be used in conjunction
with supervised learning algorithms. The statistical model proposed in [2] is
defined by a set of probability densities in which the range of distance values
is split into S intervals [hs−1, hs), s = 1, . . . , S, with h0 = 0 and hS = ∞.
Specifically, the pair distribution Pr(s|a, b, k) is the conditional probability that
a pair of residues has distance in [hs−1, hs), given that the two amino acids have
type a and b, and they are separated by k positions along the sequence. The
relationship between energy potentials Eab

k (s) and pair distributions is expressed
by Boltzmann law:

Pr(s|a, b, k) =
e−

Eab
k (s)
kT

Zab
k (s)

(2)

with normalization factor Zab
k (s) =

∑
s e−Eab

k (s)/kT . By assuming Zab
k (s) ≈ Zk(s)

for all a, b, the net potentials ∆Eab
k (s) = Eab

k (s) − Ek(s) can be approximated



as

∆Eab
k (s) ≈ −kT ln

(
Pr(s|a, b, k)

Pr(s|k)

)
(3)

Given an amino acid sequence A = a1, . . . , aL, a conformation X consists of a
sequence of Cα atoms’ coordinate vectors, denoted x1, . . . , xL. Let dij = ‖xi−xj‖
the distance between residues i and j. According to pair potentials model Mpp

the score of X is defined as the total energy:

U(X|Mpp) = ∆E(X) =
∑

i

∑
j>i

∆E
aiaj

|i−j|(dij) (4)

where, as a notational convenience, we write ∆Eab
k (d) instead of ∆Eab

k (s) if
d ∈ [hs−1, hs).

In order to estimate the probabilities Pr(s|a, b, k) from the available protein
native structures, we begin by noting that for a given type (a, b, k) the distances
are associated with a discrete set of intervals and therefore follow a multinomial
distribution parameterized as follows:

Pr(d|a, b, k) =
∏
s

(
θab

ks

)z(d,s)
(5)

where z(d, s) = 1 iff d ∈ [hs−1, hs) is an indicator variable mapping the distances
to their intervals, and the model parameters simply coincide with the pairwise
densities, i.e. θab

ks = Pr(s|a, b, k). The contribution of a structure X to the log-
likelihood can be calculated by combining eqs. (4) and (3):

`(X;θ) =
∑

i

∑
j>i

∑
s

z(dij , s)ln
(
θ

aibj

|i−j|,s

)
(6)

Assuming a data set D of independent structures, the overall log likelihood
function is simply `(D;θ) =

∑
X `(X;θ).

Sufficient statistics for the parameters θab
ks are collected from a training set

of known structures. Specifically, they consists of the counts mab
ks of the number

of occurrences of pairs of type (a, b, k) at distance interval s in the training set:

mab
ks =

∑
X

mab
ks(X) =

∑
X

∑
i

∑
j>i

∑
s

z(dij , s) (7)

As observed in [2], in case of small data sets the normalized sufficient statistics
may yield poor parameter’s estimates because of data sparseness. One possible
remedy in this case consists of estimating each density as a convex sum of a
simplified model and the full model. In the simplified model amino acid types
are neglected and parameters reduce to θks, which can be reliably estimated
from sufficient statistics mks. The smoothed parameters are then computed as

θ̂ab
ks =

1
1 + mσ

θ̂ks +
mσ

1 + mσ

mab
ks∑

s mab
ks

(8)



where σ is a fixed smoothing factor (we use the value 1
50 as in [2]) and m is

the total number of observed pairs. When m is small the mixing factor favors
the simplified model which can be reliably estimated from a smaller number of
observations.

3 Learning from decoys with ordinal regression

Due to the impossibility of a sufficient sampling of the conformations space, it
is not feasible to learn a scoring function that is guaranteed to take its mini-
mum value on the native structure. However, a suitable scoring function can be
specifically built to discriminate between alternative conformations generated by
a particular threading or “de-novo” structure prediction algorithm. In this case,
the space of decoys is reduced by the bias of the structure prediction algorithm,
a bias that can be exploited by the learning process.

This task could be defined as a problem of learning to discriminate between
“good” and “bad” structural models, where the quality of a model is decided
by a measure provided by the user (e.g. a structural measure of similarity with
the native conformation). We may call this the binary classification model Mbc.
Let us introduce the label yi

j = 1 if the j-th conformation Xi
j is a good model

for the i-th chain in the training set and yi
j = −1 otherwise. A kernel machine

would compute a real function of the conformations as a weighted average of the
training set labels as follows:

U(X|Mbc) = f(X) =
∑
i,j

αi
jK(Xi

j , X)yi
j (9)

where the weight of each example consists of a coefficient αi
j measuring the

importance of the example as calculated by some optimization procedure (e.g.
SVM) and a kernel function K(Xi

j , X) measuring the similarity between Xi
j and

X.
Such a discriminative approach could find it difficult to estimate the decision

function, because the resulting dataset would be highly unbalanced and contain
only a small fraction of good models. Moreover, a continuous measure of quality
should be unnaturally transformed in a discrete number of classes of structural
models. Because of these considerations, we propose that the search of a suitable
scoring function should be formulated as an ordinal regression task. In this for-
mulation the training set consists of ordered pairs of alternative conformations
for proteins of known structure. A preference relation ≺ is used to distinguish
between two conformations. The preference model is then trained to learn either
a partial or a total ordering between alternative conformations of a protein.

Herbrich [8] proposed a large margin classifier to learn preference relations
in the above setting. When learning to score protein models the examples are
tuples {(yi

jk, Xi
j , X

i
k)}, where Xi

j and Xi
k are two alternative conformations of

protein i, and yi
jk is

yi
jk =

{
+1 if Xi

j ≺ Xi
k

−1 otherwise (10)



The labels yi
jk can be determined for each training pair according to an evalua-

tion measure that takes into account the known native structure. According to
the preference model Mpref , X ≺ X ′ ⇔ f(X) < f(X ′) where

U(X|Mpref ) = f(X) =
∑
ijk

αi
jk

(
K(Xi

j , X)−K(Xi
k, X)

)
yi

jk (11)

Since f(X) can be written as the inner product 〈w, φ(X)〉, being φ(X) the
feature mapping induced by the kernel, and since the kernel is a inner product
in feature space and therefore a bilinear operator, the preference model can be
seen as a binary classifier on pairs of conformations with

fp(X, X ′) =
∑

αi
jkKp

(
(Xi

j , X
i
k), (X, X ′)

)
yi

jk (12)

being

Kp

(
(Xi

j , X
i
k), (X, X ′)

)
= K(Xi

j , X)−K(Xi
j , X

′)−K(Xi
k, X)+K(Xi

k, X ′). (13)

In this way one can still apply the standard binary classification SVM algorithm
to a data set of conformation pairs in order to obtain the coefficients αi

jk.

4 Computing similarity between structures

In order to train the preference model, a similarity measure between two confor-
mations must be provided in the form of a kernel function K between conforma-
tions. In principle, a hyper-graph G(X) could be associated to the conformation
X, whose nodes are residues (or atoms) and whose hyper-edges are r-wise inter-
actions. Every hyper-edge has an associated measure of interaction strength (e.g.
the distance in a pairwise interaction). In such an approach, the computation
of the kernel between two conformations would be performed by computing the
similarity between the corresponding hyper-graphs, thus effectively exploiting
higher order relations among atoms as features. Many statistical potentials have
terms for bond angles (involving three atoms) and dihedral angles (involving
four atoms). In principle, statistics could be made for the properties of small
polyhedra of any given size extracted from the protein structure. Moreover, any
sort of graph similarity measure could be used to calculate the kernel between
two conformation hyper-graphs. Unfortunately, exploitation of r-order relations
with r greater than 2 poses computational and sparseness problems because of
the exponential growth of the number of features. In the following we introduce
two kernel functions that are inspired from pairwise interactions, with the aim of
defining preference models that can be compared directly to the approach based
on knowledge-based potentials.

4.1 Product kernel

The general form of a probability product kernel [6] is obtained by fitting a
distribution p(x|X) on a each datum X and comparing two data points as

K(X, X ′) =
∫

p(x|X)ρp′(x|X ′)ρdx (14)



being ρ a parameter. Inspired by this definition, the first kernel we introduce
is based on a representation consisting of distance counts, where a conforma-
tion X is represented by the sufficient statistics mab

ks(X) defined in Section 2
for knowledge-based potentials. The distance counts can be seen as the (unnor-
malized) discrete distributions associated with X and the kernel can be written
as

K(X, X ′) =
∑

a,b,k,s

mab
ks(X)ρ ·mab

ks(X
′)ρ (15)

We use absolute counts instead of normalized frequencies because the resulting
features retain informations also on the dimensions of the three-dimensional
model. In all subsequent work we use the simple form given by ρ = 1 that can
also be interpreted as a inner product between fixed-size vector representations of
conformations. In this case it is immediate to see that the feature space consists
of S distance bins for each triplet (a, b, k).

4.2 Intersection kernel

The second form is inspired by previous work on measuring the similarity be-
tween images [9]. A histogram intersection kernel (HIK) is similar to a proba-
bility product kernel in the case of discrete distributions, but uses the minimum
operator instead of product. In our case this idea yields the kernel

K(X, X ′) =
∑

a,b,k,s

min
[
mab

ks(X),mab
ks(X

′)
]

(16)

HIKs have been proved more successful in computer vision tasks than common
polynomial or Gaussian kernels. In this context, HIKs have an interesting in-
terpretation in term of similarity between the interaction graph associated with
conformations. In particular, if each edge is labeled with the tuple (a, b, k, s),
the HIK between two conformations measures similarity by counting how many
edges with the same label are in common between the graphs derived from the
two conformations.

Both kernels in eq. (15) and eq. (16) can be subsequently enriched by com-
position with standard polynomial or Gaussian kernels.

4.3 Fisher kernel

Fisher kernels were first introduced in [5] in the context of remote homology
detection and can be applied to the present problem in order to combine the
advantages of discriminant learning and knowledge-based potentials. The Fisher
vector φ(X) associated with a conformation X is defined as the gradient of the
log-likelihood of X with respect to the model’s parameters θ:

φ(X) = ∇θ`(X;θ) (17)



From equations (5) and (6) follows:

∂`(X;θ)
∂θab

ks

=
∑

i

∑
j>i

∑
s

z(dij , s)
∂ln

(
θ

aibj

|i−j|,s

)
∂θab

ks

=
mab

ks(X)
θab

ks

(18)

The Fisher kernel K(X, x′) between two conformations X and X ′ is then defined
as the dot-product of the corresponding Fisher vectors:

K(X, X ′) = 〈φ(X), φ(X ′)〉 =
∑

a,b,k,s

mab
ks(X)mab

ks(X
′)(

θab
ks

)2 (19)

Compared to the kernels of eq. (15) and eq. (16) we can immediately recognize
that the Fisher kernel takes into account information from the entire data set
used to compute the potentials when comparing two conformations. This in-
formation is used to scale each feature seen by those kernels by a value that
indicates the significance of that particular contact.

5 Experimental results

A representative non-redundant subset of the Protein Data Bank was taken
from PISCES [10], with resolution better than 1.8A and R-factor less than 0.3.
Standard pair potential approaches have been shown to be affected by protein
length [11] such that improved performance is achieved when the size range of
the proteins used for deriving a potential is the same as the size range of the
proteins being assessed. We have restricted this initial analysis to a particular
size range: small protein chains less than 100 amino acids in length. Filtering
the PISCES-derived set based on this criteria resulted in 266 protein chains.
Because of the high computational cost of producing large decoy sets for each
of the 266 protein chains using a “de-novo” protocol, we have chosen instead to
generate decoys using a threading algorithm. Each of the sequences was scanned
against a fold library using a profile-profile fold recognition algorithm known as
Phyre (manuscript in preparation http://www.sbg.bio.ic.ac.uk/phyre). For each
sequence, 3D models were constructed based on the fold recognition alignments
to the top 20 scoring matches in the fold library. Model quality was assessed
using sequence-dependent structural alignment using the TM-score [12] of the
model to the known experimental structure of the query sequence. Each protein
chain was assigned a fold according to the SCOP hierarchy [13] . For each protein
we label as good those models whose TM-score is greater than 0.2 and as bad
models the rest.

Sufficient statistics mab
ks(X) were estimated for each structure X by extracting

all the contacts with lengths between 0 and MaxDist. Sequence separation values
between k = 0 and k = 8 were taken independently, while all the residues spaced
more than 8 positions were assumed to be equivalent and conventionally assigned
k = 9. The histograms of distances were constructed by dividing the interval
[0,MaxDist] into S bins of equal size.



Using the 266 proteins we performed a set of experiments aiming to compare
pair potentials (PP) to the alternative kernel based algorithms introduced in this
paper, namely the product kernel between histograms of eq. (15), the histogram
intersection kernel of eq. (16) and the Fisher kernel of eq. (19). For each method,
performance was estimated using a five-fold cross validation procedure. The
partition in five subsets was created by ensuring that chains in the same SCOP
fold are all in the same subset. The scoring functions produced by the learning
algorithms were then used to predict the ranking of unseen models. We took a
particular care in eliminating any homology between train and test proteins to
ensure that experimental results are indicative of the performances for “de-novo”
prediction.

The results of the experiments are outlined in Table 1. Four different mea-
sures of performance are reported: Accuracy refers to the accuracy for the binary
classification task associated with the comparison of two structures, i.e. the per-
centage of times the result of comparing two models is the same when using
the TM-score and the scoring function generated by the learning algorithm;
RankCoeff is the Kendall correlation coefficient computed between the rankings
induced by the TM-score and by the estimated scoring function; MinRank is
the average minimum rank of the good models; BestPos is the average rank of
the model having highest TM-score. In Figure 1 we plot the percentage of times
at least one good model was ranked within the first n positions. The results
consistently indicate the superiority of discriminant training. When measuring
performance using accuracy, all the kernels significantly outperform the pair po-
tentials approach, with the null hypothesis of identical performance rejected at
99% confidence level in all cases. The comparison between the various kernel
methods demonstrate a slight advantage of the Fisher on the Linear kernel, with
a quite low confidence of 66%, while there is almost no difference between Fisher
and Intersection kernel. Looking at the curves plotted in figure 1, it is worth
noticing that all the discriminative approaches have a probability greater than
98% of getting a near native model within the best two choices, while PP would
only have about 90% probability.

Table 1. Experimental results. Histograms were created by setting MaxDist = 20Åand
S = 20 (bin size = 1Å).

Method Accuracy RankCoeff MinRank BestPos

PP 74.7% 0.327 1.65 3.64

Product 84.0% 0.495 1.08 1.98
Intersection 85.2% 0.513 1.10 2.07
Fisher 85.1% 0.491 1.08 2.10

In a subsequent experiment we extended the data set used to train pair
potentials in order to compare the accuracy of kernel based methods trained on
small data sets to the accuracy of pair potentials trained on a large data set



Fig. 1. Percentage of times at least one good model was ranked within the first n
positions.
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of non redundant chains. We repeated the five fold cross validation procedure
adding a second set of chains obtained as follows. A precompiled CulledPDB set
of 512 native structures taken from PISCES, with chain’s length shorter than
100 residues, resolution better than 2.5Å, R-factor lower than 0.25 and homology
lower than 90%. To enforce non-redundancy, for each of the five subsets in the
cross validation procedure, the set of 512 native structures used to build the
potentials was further reduced by taking out those proteins belonging to any
SCOP fold that occurs in the test set. In this setting the pair potential method
obtained Accuracy = 76.9%, RankCoeff = 0.351, MinRank = 1.65 and BestPos
= 3.20. Kernels trained on small data sets outperformed pair potentials even
when the latter were trained on larger data sets, maintaining a confidence level
of 99% for this result.

6 Conclusions

The protein folding problem can loosely be divided into a) a conformational
search problem, and b) the problem of deriving an appropriate discriminatory
energy function. Conformational search is generally handled by using either a
library of known structures (e.g. threading/inverse folding), or fragment inser-
tion protocols. Energy function derivation has in the past been largely based on
coarse-grained statistical potentials which are widely-used by the protein struc-
ture prediction community. However, such potentials invariably focus only on
positive examples (known experimental structures), whilst ignoring the poten-
tially rich source of information available from negative examples (computer-
generated decoys). The principle of computational learning based on positive
and negative examples is a well-established research domain. To-date, such tech-



niques have not, to our knowledge, been applied to the problem of discriminatory
protein energy functions. The results presented here indicate that such informa-
tion can be harnessed using kernel methods, and that this can lead to improved
discriminatory power and thus more accurate predictions of protein structure.
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