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Abstract

The parameters of ecological models are usually estimated through numerical search algorithms. Determining confidence
boundaries for the parameter values obtained in such a way is a problem of great practical importance. In this paper a method
is proposed to estimate such regions in two ways, based on either the Hessian matrix or the Fisher Information Matrix (FIM).
There is a conceptual difference in the two approximations: the FIM approach is based on the sensitivity trajectories, whereas the
Hessian expansion depends on the shape of the error functional. From a comparison between the two approaches, a discriminating
method is obtained to detect inaccurate estimation results. The Hessian and FIM approaches differ by the second derivative terms
of the output function. This difference is used to assess the success of the estimation, because the two methods yield the same
confidence estimate only if the search terminates at the optimal parameter value. The method is demonstrated with reference to
a pair of widely used dynamics: the Monod kinetics and the Richards logistic function applied to algal growth. It is shown that in
both cases this method compares favourably with the residual correlation analysis and appears to have more discriminatory power.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction papers which address this subject as a secondary
problem. This justifies to some extent the wide range
Parameter estimation of dynamical models is a ma- of methods being used and the lack of generality of
jor issue in numerical ecology. Model nonlinearity, the results. The effort of this paper is to bring the
data scarcity and non-Gaussian error distribution con- problem to the forefront and give it the importance it
tribute to the complexity of the problem, which is usu- deserves.
ally solved by numerical means. Further, determining  The unifying point in the literature appears to be
the “best” parameter values, according to some objec- the concept of seeking a “valid” set of parameters in
tive function, is only part of the problem, because itis terms of residualsv@n Tongeren, 1995rather than
equally important to attach a measure of confidence to searching a “true” modellewell and Manderscheid,
the values thus obtained. Apart from early papers such 1998. Sometimes, bounds on parameter values were
asHeineken et al. (1967and scattered but important imposed as an alternative to probabilistic estima-
contributions such a@dolmberg (1982andDonaldson tion (Norton, 1996. Only in the calibration of the
and Schnabel (1987yery rarely has the matter been very complex models, such as TERRKefcher and
addressed per se, whereas there are many modellingChambers, 200Qldescribing the terrestrial biogeo-
chemical cycles, the Jacobian matrix was used in the
"+ Corresponding author. Tels39-055-47-96-264. parameter estimation scheme, but not to compute an
E-mail addressmarsili@ingfil.ing.unifi.it (S. Marsili-Libelli). approximate confidence interval for the estimates.
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Conversely, an interesting approach was presented bygebraic modelsSeber and Wild, 1989 This paper
Hakanson (1996who proposed a validation proce- considers the numerical computation of confidence
dure involving model residuals and their correlation regions for the parameters of nonlinear dynamical
coefficients. models, assuming that for their estimation a direct
Sensitivity analysis has been used extensively, search method is used, based on the flexible polyhe-
though not in a homogeneous wa@mlin and dron originally proposed biMelder and Mead (1964)
Reichert (1999)introduced the sensitivity function In the sequel a modified polyhedron is considered
as a means of approximating the parameter confi- (Marsili-Libelli and Castelli, 1987; Marsili-Libelli,
dence interval in the context of Bayesian estimation 1992 where the expansion phase in the search direc-
and Omlin et al. (2001)made use of the sensitivity tion is optimised.
functions to detect identifiability problems of a lake After introducing the basic definition of the exact
biogeochemical cycle. They use a quadratic func- confidence regions, two approximation methods are
tional to estimate a subset of parameters, but their considered: a local linearisation of the output func-
uncertainty is estimated subjectively and grouped into tion, leading to the Fisher Information Matrix (FIM;
three classes with predetermined range of 5, 20 andLjung, 1999; Munak, 1999; Petersen, 200&@nd a
50% of the estimated values. guadratic expansion of the estimation error functional
The influence of model nonlinearities on the range involving the Hessian matrixRress et al., 1996
of confidence regions was investigatedddgpper and Each method leads to the definition of statistically
Bedaux (1997)for simple ecotoxicological models. significant confidence regions. However, a further
Stollenwerk et al. (2001)sed univariate Gaussian dis- step is taken proposing a test to determine whether
tributions in the context of Fokker—Plank stochastic the estimated parameters converge to the “best” pa-
equations to model phytoplankton time series, but did rameters which the search algorithm can find. It is
not attempt to estimate the joint parameters confidenceshown that the confidence ellipsoids obtained with
regions.Carrol and Warwick (2001ysed it to deter-  the Hessian or the Fisher method coincide only when
mine uncertain parameters and identify their ranges in the estimation converges to the true parameters. Oth-

the context of mercury transport models. erwise, they yield clearly differing results, indicating
Use of linear theory to compute an approximation an inaccurate estimation. The method is demonstrated
of the covariance matrix was made Eynola et al. with reference to a pair of widely used dynamics:

(1998)in the contest of Extended Kalman Filter identi- the Monod kinetics, which has been widely used in

fication of zooplankton populations and more recently ecology and biotechnology, and the Richards growth

by Tang et al. (2001andTang and Wang (2002yvho function, which is often applied to plants growth and

used the linear estimation theory as an approximation in this paper is applied to unicellular algal growth.

of the covariance matrix, but failed to discuss the im- It is shown that in both cases this method is highly

plication of such simplifications nor considered the sensitive, compares favourably with the residual cor-

problem of multiple-dimensional confidence regions. relation analysis and appears to have good discrim-
From this brief survey it appears that parameter un- inatory power. The method, which is demonstrated

certainty has been dealt in many different ways and for the Monod and Richards models, can easily be

that rarely the confidence intervals have been used togeneralised to any structurally identifiable nonlinear

assess the validity of the estimation. It is the purpose model.

of this paper to address this specific problem, and in

this sense it may be regarded as a sequel to the previ-1.1. Problem statement

ous one karsili-Libelli, 1992) presenting a numerical

search method for the estimation of model parameters A dynamical autonomous nonlinear system can be

and their confidence intervals. described by the general state-output equations:
Unlike the linear case, for which a neat theory
already exists Ljung, 1999, for systems nonlinear o _ h(x, p,

1)

in the parameters this is not equally well developed, dr
though many important results are available for al- | y = f(x, p)
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wherex € R" is the system statg, € 2R is the out-
put, p € R"» is the vector of its parameters. As a
consequence of its nonlinearities bf-, -, 1) : R" —

R" and f(-, -, 1) : R"* — MY, in general no analyti-
cal solution to modeEg. (1) can be found. Parame-
ter estimation is obtained by minimising the weighted
quadratic output error functional

N
E(p) =) Iyl =1V -l
i=1

)

where{yi|i =1, ..., N} € R? are theN > n, exper-
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to judge whether the search terminated successfully
at the minimum or went astray over tB€p) surface.

1.2. Approximations of estimated parameters
confidence regions

Confidence regions are of primary importance be-
cause they provide a way to judge the accuracy of
parameter estimates. Since the objective functional
Eq. (2) represents the “closeness” of the experimen-
tal data to the fitted model, it is justifiable to base the
confidence region gp on the contours dE(p). In the

imental data points, possibly affected by measurement parameter space, such a region has the general form

noise, andy;|i = 1, ..., N} € fR? are the model out-
puts at the same sampling instafds i = 1, ..., N}.
The diagonal matrice¥’; € R7*9i = 1,..., N are

{p: E(p) < cE(p)} (3

for anyc > 1. This region can be regarded as “exact”,

f:ollections of weighting factors to attach more or Iggs as it is not based on any approximation, although it is
importance to each component. They can be specified gjfficult to select a value foc with any statistical sig-

depending on the estimation problem, or, if statistical
information is available in terms of experimental vari-
anceX; € R7*9, it can be assumed th&t; = X;. In

this way, the more a measurement is noise-corrupted

the less influence it has in the error functional.

Assuming that model (1) is structurally identifiable
in the sense dPohjanpalo (1978ndGodfrey and Di
Stefano (1985)consistent estimation is possible, i.e.
the estimated parametepgend to the true parameters
p. The estimation algorithm applied to the functional
Eqg. (2)with model (1) as a constraint seeks a param-
eter vectorp such thatp = arg min, E(p), and since
no closed-form solution to model (1) is available,
the optimisation problem is often solved through a
numerical search based on the well-known “flexible
polyhedron” or “simplex” Nelder and Mead, 1964;
Himmelblau, 1972 combined with a numerical simu-
lation algorithm to obtaify;|i = 1, ..., N} for each
trial of the parameter vectop. The algorithm used
in this paper is an optimised version of the classical
Nelder and Mead flexible polyhedron and is described
in details inMarsili-Libelli (1992). However, the aim

of this paper is not to address the parameter estima(-:Iand Wild, 1989: Ljung, 1990

parameters obtained through this numerical search. In{p : (p — p)TC2(p — p)' < onl—"‘ }

tion proper, but to assess the accuracy of the estimate

fact the drawback of this approach is that the search
may terminate far from the true minimugn for sev-

nificance. However, for larghl the confidence region
based on thé& statistics Seber and Wild, 1989

np l1-«

Fn,,,N_np) E(i:)} (4)
o

has the required asymptotic confidence level of 100
1-a)% Wheranl;‘I"v_np is the uppew critical level

of the Fn, N—n, distribution. The practical difficulty

in estimating the region defined Wg. (4) has been
examined byVanrolleghem and Keesman (1996)
who suggested the use of extensive Monte Carlo sim-
ulations. More recentlyDochain and Vanrolleghem
(2001) proposed a successive contraction method to
find the value ofE(p) corresponding to the prescribed
value of theF distribution.

{prE(p)§<1+N

1.3. Covariance matrix estimation through a linear
approximation

A definition of the confidence region as a function of

the parameter covariance matgixis now introduced.
In general such a region can be expressedSabér

®)

It is well known that for a linear modey = px+ v,

np,N—n

eral reasons, such as inadequate choice of simplexwith residual noise ~ N(0, o%1,), C can be obtained

coefficients or initial parameter guess, or trapping in
local minima. It is therefore useful to have a method

in closed form ax’ = 62(X"V~-1X)~1 whereX =
[x1,x2,..., xN]T.
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For nonlinear models there is no exact way to ob- 1.4. Covariance matrix estimation through the
tain C and the linear approximation may yield a poor Hessian matrix
estimate of the real confidence regi@ofaldson and
Schnabel, 1987; Rooney and Biegler, 1p9he pre- For nonlinear models the objective functi&t(p)
vious covariance matri€ obtained for the linear case given byEq. (2)is not an exact quadratic form, but for
can be extended to yield the approximate covariance sufficiently small deviationg — p it can be approx-
matrix as Goodwin and Payne, 1977; Munak, 1999; imated by a second-order expansion around the esti-
Petersen, 2000; Dochain and Vanrolleghem, 2001 mated parameteifs. Since in the neighbourhood of the
minimum the first-order term is missimgaE/ap)“, ~

C;(p) = NEEIZ JP)virpy? (6) 0) the second-order expansion yields
p
2
where the termE(p)/N — n, is an unbiased approx-  E(p) ~ E(p) + }(p -7 - (p P
imation of the residual variance? and theJ is the 2 Ipd
Jacobian matrix of moddtq. (1) which can be writ- (20)

ten column-wise as
SubstitutingEqg. (10)into Eq. (4) a result formally

=[JalJ2l - |Jsl -+ [Jn,] with similar to the linear case is obtained
o Rl d of ox A A AL
Js(p) = a_y = 8—f a—f P Cy(p) = E(p)H (p) 1 where
Ds | p Ds | p X ODs|p —np
PE
= S';;J, s = 1,...,71,7 (7) H(i’) — (pT) (11)
Ipdp’ |;

The columns of the Jacobian matrfare the output

sensitivity functionsS), = (dy/dps) (s =1, ..., np) with confidence ellipsoids given by

with respect to the parameters. They can be generated

by modelEq. (1)through the associated state trajec- (P (P — §) C'(p — P) < on,,l;?v_,,p} (12)
tory sensitivitySj,: S, (s = 1,...,np) by the linear

dynamical modelRerkins, 197)2 In any case, the individual parameter confidence in-
tervalé;li =1, ...,n, can be obtained as
ds,. ok doh
N L RS X _ Sx(o) =0 ]_ (a/2)
dr— ox|, Psle, 7 VCi 13)
af of 8
S,y,s = o SJ;,S o where C may be approximated either b§; from
n Ps L, Eq. (6) or Cy from Eq. (11) and 7y ' ("‘/2) is the
Assuming that the measurement noige ~ two-tails Student’s distribution for the glven confi-
N(O, azlq) is uncorrelated,C given by Eq. (6) is dence levelr and N — n,, degrees of freedom.

also the inverse of the FIM, defined &M =

SN (3y;/0p)TV2(dy;/dp), in terms of output

sensitivities (8), i.eC;(p) = FIM~1 (Munak, 1999; 2. A parameter estimation validity test

Petersen, 2000; Dochain and Vanrolleghem, 2001

In this case it represents the error covariance ma- There is an important conceptual difference in the
trix of the minimum variance unbiased estimator two approximation€ ; andCy and the comparison

according to the Crameér-Rao theorebjufig, 1999. between the related confidence regions can be used
SubstitutingC ; from Eq. (6)into Eq. (5) yields the to detect inaccurate estimation results. The FIM ap-
approximate confidence ellipsoids proach is based on the sensitivity trajectories, whereas

A A the Hessian expansion depends on the shape of
. T T 1-«
tp:(p=p)C;°(p—Pp) Fﬂ N— "p} ©) the error functional. The following component-wise
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relationship between them can be established asp € R"» and a model functiop = f(x, p) in such a

follows:

o PE() K[y p\T L _1dy(xi, )
H,, = =2 A -1 ve P
T dprdps ; ( dpr ) Vl dps

_1@Py(x;, p)

— (v — ) AN 4

(y; yxi, p)T vV, dprdp, }

Yy, p) dy(x;, p)
_2 1y —]_ X

12];|:< dpr ) Vl dps :|

_ZZ dp,dp,
T oA
- dpy

Z 85,V 1Sy ) = 25 G )”

N
[(y‘f — ¥y PNV} 1Fy i p) y(x"p)]

d,V(xi, D)
dpr

%

2

(FIM) .

(14)

Thus, ife; N(0, 02V;), FIM is the expected value of
(s2/2)H with s? = E(p)/(N — n,) (Seber and Wild,
1989. However Eq. (14)shows that in generdf and
FIM differ by the term

N
2y
i=1
(ns=1...,np)

[(yf —yx, POV, 1M]

dprdps
(15)

involving thecurvature(seeAppendix B (d2y(x;, p)/
dp,dpy) of the surface2 : {y(H) = ¢(x, p,0),p €

P c R"r} which acts as a weighting factor for the es-
timation error(y! — y(x;, p)). As a consequence, the
two approximations irEq. (14) coincide only when
either the curvature or the estimation error is negligi-
ble, i.e. whenp — p. If for some numerical reason
the search terminates far from the minimum, then this
term will causeFIM and H to differ, revealing an
inaccurate estimation result.

2 C y € RYis an,-dimensional surface ilR7*".
Sinces2 contains all possible valuesBfy], itis called
“expectation surface”Reale, 1960; Goldberg et al.,
1983. 2 is also called “solution locus” and can be
described in terms of a,-dimensional parameter set

way that2 =
P C R"}.

For a nonlinear system the shape of the sur-
face 2 may be heavily influenced by the curvature
(Donaldson and Schnabel, 1987; Seber and Wild,
1989 so the effect of neglecting this term may be sig-
nificant. Thus, if the two representations do not agree,
this means that the curvature term may significantly
amplify the estimation error.

In the neighbourhood op curvature is composed
of a tangent and a normal component with respect
to the surfaces? (see Appendix B. The former,
termed parameter curvaturerepresents the degree
of curvature induced by the choice of parameters,
whereas the latter, calledhtrinsic curvature mea-
sures the degree of distortion of the surface due to
the nature of the output function. Around the mini-
mum theintrinsic curvatureshould therefore become
negligible regardless of the value &f p). To assess
the practical identifiability of a fixed-structure model
parametersparametric curvaturas of secondary im-
portance, because it can be eliminated by a proper
re-parametrisation. On the other hamutrinsic cur-
vature should be accounted for, possibly by intro-
ducing corrective factors in evaluating the confidence
ellipsoids. Confidence region involvinglM of pre-
scribed statistical significance can be obtained from
Eg. (9)as

(h:(p—pTFIM(p—p) <r?) (16)
wherer = n,F, %, /(1—Xmax (Seber and Wild,

1989 andAmayx is the maximum eigenvalue of thig
matrix, related to the Hessian matrix by the relation-
ship

mw:p=fxi,pi=1...,N;Vpe

A AT A A A a1
B=3K HK and K=R

Inp - (17)
where R' R is the Cholesky decomposition of
(FIM /s?). Throughintrinsic curvaturethe extent of
model nonlinearity can be assessed by comparing
the maximum and minimum curvature radjax =
(1= Amay Y2 andrmin = (1 — Amin) ~Y/2 with unity.

The closer they are to 1 the smaller is the curvature.
In this way the relative importance of the curvature
term can be appreciate84tes and Watts, 1980An
efficient numerical procedure for the construction of
the covariance matrice€'; and Cpy is required to
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carry out the above analysis. This is summarised in The Monod kinetics is used here in the following
Appendix A form:

ds 1 pmaxS
2.1. Checking parameter validity through dr Y Ks+ SX
correlation analysis dX  pimaS . (18)
- — — KgX
As a comparison to this discriminatory tool the d Ks+ S
correlation analysis will be considered. In fact, ayard- | x =[SXT, y=x
stick for the validity of the estimated parameters is to
check whether the estimation residuals are uncorre-Where S and X represent the substrate and the
lated with zero mean. This implies that the correlation Piomass colncent_ratlon respectively, both expressed as
terms for any lagc > 0 should fall in the confidence (MJCODI™). It is assumed that bots and X are
limits of azgiven statistical significance, comput;ad E:Jena;?cr)igdz:}eeisez:;gengzggeuzrr:geapsae:t?gyer:?r:ect?c“bra-
1-/2), /77 ; 1-(a/2)
,astj;tNI"p t/ 'INS_t deht?;Tk Its fthetfg a_ndN—"p " data valuesyj|i = 1,..., N generated by the model
Idsenc?a I\év\?elxa; dNu_e:p de?ree%r of ?re%\é?)rrlr;g;sl (18_) witr_\ nominal parameterﬁ and corrupteql with
] ) o white noise proportional to the output value with char-
etal., 1986; Seber and Wild, 1989; Ljung, 1999 acteristics v; N (0, 02I5). For autonomous systems
such as (18), no “persistent excitatior’jyng, 1999
condition on the input can be imposed. On the con-
3. Test models trary, identifiability must be related to model structure
and initial conditions and a “structural identifiability”
The previous confidence region computation and test proposed byohjanpalo (1978ghould be used.
discrimination method is now demonstrated with the |n fact, Holmberg (1982)and Holmberg and Ranta

aid of two simple models, which are widely used in  (1982)referred to this test for their Monod kinetics
ecology: the Monod kinetics, which is at the basis jdentification studies.

of many ecologically significant processes, and the  For data generation, the following parameter values
Richards growth function, which is used to model veg- have been used in the simulations:

etative growth at any level, from single leaf to whole

plant. Pt umax=0.5(h"1); Ks=20(mgCODIY); Y
=0.5 Kq=0.03(1 (19)

3.1. Monod kinetics
The initial conditions were set a&(0) = 10mg

This kinetics was selected for its fundamental rolein CODI-1 and X(0) = 0.1 mgCODLI!. Holmberg
modelling a wide range of microbial processBpi(et, (1982) refers to difficult identifiability whenS < Ks
1982. In spite of its structural simplicity the Monod because the data do not cover the wh8leange.
kinetics has represented a challenging parameter es-n fact, the case considered hek&/S, = 2) corre-
timation problem for many years, first in the simple sponds to a particularly difficult identifiability condi-
case when both substrate and biomass were observedion. Further, it should be considered that whé&fS,
(Heineken et al., 1967; Swartz and Bremermann, decreases, the achievable accuracyf@gy increases
1975; Nihtila and Virkkunen, 1977; Holmberg, 1982  but that ofKs decreases. The sampling interval too
and then as a joint state/parameter estimation prob-has a strong influence on the accuracy. A simulation
lem (Holmberg and Ranta, 1982More complex time of 150 h was assumed with a 3 h sampling time,
situations were also considered, when only indi- providing a total of 51 data points which were then
rect measurement of dissolved oxygen were used corrupted with proportional noise of known character-
(Marsili-Libelli, 1989) and finally in connection with istics. This kind of noise is often preferred to additive
respirometric studies Vanrolleghem et al.,, 1995; noise with constant variance and has been often used
Petersen, 2000; Dochain and Vanrolleghem, 2001 for testing biotechnological modeldolmberg (1982)
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has assessed the effect on the identification of dif-

Fig. 1. A sample of synthetic noisy data generated from the Monod kinetics.

A sample set of noisy data used for algorithm test-

ferent kinds of noise and concluded that experiments ing is shown inFig. L The Monod kinetics (18) was
with Gaussian additive noise of constant variance do implemented in Matlab 5.3 using a Simulink model,
not yield better estimates than those with proportional with a Rosenbrock stiff integration method, a maxi-

noise.

Cell count

mum step of 0.1 h and an absolute tolerance 010

x 10°
4.5 )
4.0 1 Linear approximation ,/’A
oA
35 |————- Second- order approximation _ ;6/ [
©0QO0C Data 0 & ,6’ |
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Optical density

Fig. 2. Relationship between optical density and cell count.
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Fig. 3. Calibration results of growth assays corresponding to initial nutrient concentratiens.44 (mgh?) and P = 0.02 (mgl?).

3.2. Richards growth kinetics applied to algal
growth assays

Another calibration problem is now considered,
using laboratory data. Assays of unicellular algsee
lenastrum capricornutunwere grown in a controlled
medium with varying nutrient concentrations accord-
ing to a widely used protocoMiller et al., 197§. Mi-

croalgal growth has been modelled by several authors

(Nyholm, 1978; Nyholm and Lingby, 1988; Sterner
and Grover, 1998with Monod kinetics. However,
previous studiesMarsili-Libelli et al., 1997, 1998
indicate that the dynamics of algae can be satisfac-
torily described by the Richards function, originally
conceived to model vegetative growt@guston and
Venus, 198) The dynamics of algal growth in the
batch was thus modelled as

dG (1 Gn)

dr Kn

where G is the algal density (cellcn?), r is the
specific growth rate (h'), n is the Richards growth
exponent and is the carrying capacity (cell cnf).
The algae were starved before starting the growth
batch, in order to deplete the internal nutrient sup-
ply, and the initial algal density was measured at the
beginning of the batch. In this simple application
the pure growth dynamics is considered, without ref-
erence to the internal nutrient storage mechanism,
termed “cell quota” as introduced Hyroop (1983)
During the batch light and COwere always kept
well above their limiting values. Growth was in-
directly measured using optical density at 670 nm
with a UV spectrometer (Perkin-Elmer, Lambda 2).

r

n

(20)

Fig. 2 shows the limit of the range in which optical
density is proportional to cell number. Nutrient con-
centration was kept low enough to obtain data in this
range.

The Richards model (20) was implemented with
Simulink and integrated with the same characteristics
of the Monod modelKig. 3).

4. Application of the curvature method to
the test cases

The previous theory is now applied to the parameter
estimation of the Monod and Richards models (18) and
(20) using a simplex-based algorithividrsili-Libelli,
1992. In this case the search may stop away from the
minimum as a consequence of poor initialisation or
improper simplex characteristics.

4.1. Monod kinetics

Two parameter estimation runs were set up using
noisy data generated with the Monod model (18) with
o = 0.05. Two cases were considered, depending on
simplex initialisation: in Case 1 the search was started
at a feasible point and terminated correctly at the min-
imum, whereas in Case 2 an intentionally unsuitable
starting point was chosen, in order to obtain a search
termination far from the minimum though the termi-
nating condition had been met. The resultSable 1
were obtained. By comparison with the nominal pa-
rametersp it can be seen that only in Case 1 the es-
timation results are sufficiently accurate, whereas in
Case 2 completely wrong estimates were obtained.
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Table 1
Monod kinetics estimation results from noisy data=¢£ 0.05)

Ks (mgCOD 1) wmax (1) Y Ky (h71) Starting point E(p)
True values 20.000 0.500 0.500 0.0030
Case 1 19.0997 0.483 0.525 0.0303 [®205 037 0047 0.265
Case 2 31.605 0.711 0.485 0.0289 [830.8 057 008 ]T 0.548
Table 2
Confidence interval of the Monod growth function estimates

Ks (mgCODI?) tmax (W71 Y Ky (h™1)
Case 1 19.0996& 1.72181 0.48298& 0.03212 0.50524t 0.01139 0.03025t 0.00057

When the search was successful (Case 1) the confi- Comparing the ellipsoids obtained with the two
dence interval of the estimated parameters was com-methods, Cases 1 and 2 can be easily discriminated.
puted according t&q. (13) as shown inrable 2 Fig. 5shows that in Case 1, where the objective func-

It can be seen thés, with a 95% confidence in-  tion minimum is reached with sufficient accuracy,
terval of over 18% of the estimated value, has the the ellipsoids constructed with either the Hessian or
largest uncertainty, though much less than that found the FIM approximation coincide. On the other hand,
by Holmberg (1982) On the other handymax has a Fig. 6 shows that in Case 2 the ellipsoids obtained
13% uncertainty an&q only 3.8%. with the Hessian matrix are very different from those

The contour plots oFig. 4in the Ks — umax Space computed through the FIM approximation, due to the
confirm that the estimated values Tdble lare close nonzero curvature terms which tend to amplify the
to the true parameters only in Case 1, whereas in Caseestimation errors.

2 the search stopped far from the minimum, though  The curvature radii for the two cases (Skeble 3

remaining in the narrow valley. confirm this analysis: in Case 1 botfyin, and rmax

0.53 T T 0.78 T T

Case 1 Case 2 3
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Fig. 4. Contour plot in the two cases ®&ble 1 The plus §) indicates the minimum reached by the optimisation algorithm. Only in
Case 1 the true minimum is reached.
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Table 3
Minimum and maximum curvature radius for the two Monod calibration cases

I'min — I'max

Mmax Y Ka
Ks Case 1: 0.9961-1.0009 Case 1: 0.9996-1.0004 Case 1: 0.9988-1.0004
Case 2: 0.9668-2.9963 Case 2: 0.9723-1.1780 Case 2: 0.9698-1.4414
max - Case 1: 0.9966-0.9998 Case 1: 0.9964-0.9991
- Case 2: 0.9925-3.0541 Case 2: 0.9578-3.1749
Y - - Case 1: 0.9988-0.9998

- - Case 2: 0.9908-1.5607

are very close to 1, implying that the curvature is neg- not show a definitely “white” behaviour. Lack of con-
ligible, whereas in Case 2 the curvature is much more clusive “whitening” should in this case be traced back

pronounced, indicating that the terminal valuepois to the noise characteristics used to corrupt the model

far from the minimump. output inEqg. (2)or, more generally, the very structure
of the model should be questioned. Also, the limited

4.2. Sample autocorrelation test number of calibration data, as often happens in ecol-

ogy, make the correlation analysis rather uncertain if
The sampled autocorrelation functio&8hHumway not outright unsuitable.

and Stoffer, 2000for the two cases ofable 1lis how
considered for comparison and showrFig. 7. It can 4.3. Richards growth function
be seen that Case 2 has several samples outside the
zero autocorrelation. Therefore, in Case 2, the esti- As with the Monod model, the search algorithm
mated parameters fail to “whiten” the residuals, thus was initialised with three different parameter vectors
indicating an inaccurate result. On the other hand, evento produce a possible estimation failure. The three
the results for Case 1 are rather inconclusive since cases are listed ifable 4 where the starting point
there are a couple of borderline cases, e.g. ak lag3 is indicated, together with the final parameter val-
for the substrate and at lag= 1 for the biomass. The  ues and the magnitude of the error functional. Case 1
results of the correlation analysis are thus much less corresponds to a correct estimation, whereas Cases 2
discriminatory and no definite line can be drawn be- and 3 are considered inaccurate estimates. Unlike the
tween Cases 1 and 2, since even when convergence tdMonod case, here there is no direct way of checking
true values is achieved, the residual correlograms do the estimation accuracy because the “true” parameters

Table 4
Richards growth estimates from experimental data

r K n Starting point E(p)
Case 1 0.02559 0.07530 0.05129 0239 Q08 0057 1.40293E-04
Case 2 0.01723 0.07793 —0.37804 [0090 Q095 —0.65]" 2.04105E-04
Case 3 0.02642 0.07459 0.08807 .0800 Q09 0157 2.04104E-04

Table 5
Confidence interval of the (correctly) estimated Richards growth function parameters

r K n

Case 1 0.0255% 0.00445 0.0753@: 0.00131 0.05129 0.1947
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Fig. 8. Case 1: Ellipsoids calculated with Hessian and FIM matrix coincide indicating convergence to a consistent parameter)vector (

are not known, and the ellipsoids method is the only
way of assessing the reliability of the estimatéig). 8

Only when the search was successful (Case 1), the
95% confidence interval of the estimated parameters

shows that in Case 1 exact coincidence of the Hessianwas computed according téqg. (13) and shown in
and FIM ellipsoids is obtained, indicating a correct Table 5 It can be seen that the exponemtis the
estimation. In fact, in this case the correction factor most difficult parameter, given its very small mag-
due to intrinsic curvature does not modify the FIM nitude and the possibility to obtain negative values
with no ecological significanceCauston and Venus,

ellipsoids.
FIM
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Fig. 9. Case 2: Ellipsoids calculated with Hessian (dashed line) and FIM matrix (solid line). In this case the Hessian ellipsoid is larger,

indicating a significant contribution of the intrinsic curvature.
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Fig. 10. Case 3: Ellipsoids calculated with Hessian (dashed line) and FIM matrix (solid line). Unlike Case 2, the FIM ellipsoids are larger,
indicating that the end point is close to the minimum.

1981). This parameter has a very large 95% con- mum. On the other hand, Case 3 represent the oppo-
fidence interval: over 700% of the estimated value, site situation: the search stopped in a flat region near
compared with less than 35% forand only 3.5% but not exactly at the minimum. At this point one
for K. might wonder whether the correctness of the estima-
Cases 2 and 3 both represent inaccurate estimationtion could be assessed just by inspection of the con-
results, due to differing causes. In Case 2, shown in tour plots. The answer is of course negative, since this
Fig. 9 the Hessian ellipsoids are larger than the FIMs. visual check would lack the accuracy of the ellipsoids
The opposite is true in Case 3, showrFig. 10 and method, which is very sensitive to the contribution of
therefore the maximum curvature radii are less than the curvature term.
one. The curvature radii are groupedriable 6 It can Given the small number of experimental data, no
be seen from the contour plots Big. 11that Case 2  correlation analysis can be performed. In this case, the
corresponds to a search termination at a point where proposed method is therefore the only way to check
the gradient is still considerable, far from the mini- the estimation accuracy.

Table 6
Curvature radii for the three cases of the Richards growth function

I'min — I'max

K n
r Case 1: 0.9998-1.0003 Case 1: 0.9941-1.0098

Case 2: 0.9799-1.0004 Case 2: 0.9845-1.1003

Case 3: 0.9832-1.0004 Case 3: 0.7841-0.9970
K - Case 1: 0.9959-1.0008

- Case 2: 0.9648-1.1158
- Case 3: 0.7866-0.9941
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r

9vT—/2T (€002) G9T Bulllapo [e2160j023/ [e 13 Ijjagr-lliSieiN 'S

114"



142 S. Marsili-Libelli et al./Ecological Modelling 165 (2003) 127-146

5. Conclusion Appendix A. A numerical algorithm for Hessian
matrix computation

This paper has addressed the problem of estimating
the confidence regions of the parameters of nonlinear Computing the covariance matrix through the Hes-
dynamical model when they are determined through a sian matrix involves numerical differentiation Bfp).
numerical search algorithm, such as the flexible poly- The following algorithm determines the optimal in-
hedron. Two methods to estimate such regions have crement for the finite differences approximating the
been considered, based on either the Hessian matrixsecond derivativel (p) = (82E(p)/8p8pT)|i, in a
or the FIM. In the first part of the paper, these quanti- robust way, in spite of functional irregularities and
ties are compared and a relationship between them isdata noise. Consider an even collection of central dif-
derived. In the second part of the paper a method is ferences evaluated for a set of incremégcreasing
proposed to assess the consistency of the estimationwith powers of 2, i.e. & 8, §/2, /4, 8/8, ... until the
This test is based on the comparison of the parameterresidual error depends only on the machine precision,
confidence regions obtained with either the Hessian which in Matlab 5.3 is about.2204x 10-16, and the
or the FIM approximation. There is a conceptual dif- numerical integration error. Considering three suc-
ference in the two approximations: the FIM approach cessive central differences with respect to the generic
is based on the sensitivity trajectories, whereas the parametep; yields

Epi+8)—EPi—8)  _q,.. , E90) o, ED®)
= =F ; S57
1 25; (P) + =30 + =,
E® (82  EOGp) &

8+ 009

o E(i+i/2) — E(hi — (51/2) _ Ly s 6 A1

2= 5 =ET )+ Ty 5 16 00 A1)
_ E(i+ /) — E(i — /) _ Ly EQG) & EOG) o 6

= 5172 e T T TR AU

Hessian expansion depends on the shape of the er\Where _E<3)(p) and E® (p) are the third and fifth
derivatives ofE(p). The three terms, ¢ andcs

ror functional. This difference is used to assess the . hat the fi ot
success of the estimation, because the two methods_cac? be gomb(llr;ed so t k?t the first (ijerl_\/ﬁtlveEQfJ),
yield the same ellipsoids only if the search terminates In lcated ast_ (p) can be computed with an approx-

at the minimum, otherwise they may significantly |r‘r_1ation of 0(s%). Defining the previous quantities
differ. As a comparison, correlation analysis was With the new symbols

- . s
E1; = E(pi +6) Ez = E(pi — &) E3=FE (Pi + —l)

2

N 5. 5. (A.2)
E4i=E(i7i—El) Esi=E(lA7i+Zl) Eei=E(lA7i—Zl)
considered and it was shown that this may yield Yields an approximation o™ (p;)
incpnclusive results,. in terms of “borderlline“ corre- D s 64cs — 12c7 + 1 6
lation values, even in the case of a valid parameter £ (pi) = — 3 T 0(5;)
estimation, whergas inconsistent estimates may not 128Fs — Eg; 4 Es — Eg;
result in substantial residual correlation. By contrast, =75 s ~9 s,
confidence ellipsoids coincidence or discrepancy 1E " B !
is much more pronounced in the case of success- S ZuT A 0(8%) (A.3)

ful or faulty estimation. In this sense, this method U

compares favourably with the residual correlation Deriving E(p;) with respect to th@; parameter yields
analysis, and it provides superior discriminatory the generid, jth element of the Hessian matrix with
power. an approximation oD(s5).
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where

Ei1j=EDi+6,p;+6)) E12j = E(Di+6i, pj —6)) E13j=FE <f?i + 8, pj+ 2
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— 256E1;6; — 40E1; 3j + 40E1;4; + E1;,1j — E1i2j — 256E2; 5; + 256E>; 6

1
—— —(256F
81005;5; - (2setys
—|—40E21’3j 40E2i,4j —

Eoi1j — 102405'3,~’5j + 1024053i,6j + 1600E3i,3j — 1600E3,',4j — 40E3i’1j

+ 1024(E4i,5j — 1024094i,6j - 1600E4,‘,3j + 1600E4,',4j + 40E4,"1j + 6553&?5,-,5]- — 655365'5,"5]'

— 10240‘351',3]' + 102405'5,',4]' —

256E5i,1j — 65536561',5]' + 65536’561‘,6]‘ + 10240€6i,3j - 10240?61’,4]’

— 256E6;1j + E2i2j + 40E3;2; — 40E4; 2; — 256Es5; 2; + 256E6;,2)) (A.4)

. . . . . T
= E(p; —6;i, pj +6)) Ezi2j = E(pi — i, pj — &) E2i,3j=E<Pi—5i,Pj+Ej>

E3i1;
Si . i . Si . d;
Ezi1j=FE P:+E,pj+3j Esi2j=E|\pi+ + > Ji Egizj=E PH—E,PNLE
(A.5)
P A 8i AP
Ea1j=E| pi E,Pj+5j Eai2;=E| pi - Ji Eszj=E pi—E,PﬁrE
. Si . i . Si . d;
Esinj=E(pit 4. pj+3; Esizj=E|(p z+z — 34 Esizgi=E\pit+ 4. pjt >
N6 .~ 8 T
Esi1j=E pi= P 8j Esi2j = E| pi — o pj—9j Esizj=E pi—5.pit5
. L9 . . 9 . L9
Eli‘4j:E Pi+5z,1?] E Elz5]—E Pi+31,P1+Z E116]—E Pi+31,P1 Z
. , 0 . N X N
Eziaj=E\| pi — 6, pj > Ezis5j = pi — i, pj+ 2 Ezig; = Di—8i,pj — 2
. S . d; . 8 . d; . & . d;
Eziaj=FE pit 5. Pi=% Esgi5j=E pit S ity E3i6j=E it PiTy
(A.6)
. S . d; . Si . d; . Si . d;
Ediaj=E\pPi—5.Pj— Eaisj=E\pi—5.pj+ 7 Eaiej=E\Pi—5.pj— 7
n S . 8j n S . 8j n & . 5j
Esiaj=E\pit+ 4. Pj=% Esisj=E\pit+ 4. pj+ Esiej=E\Pit+ 4. Pj— 7
R S . d; “ 8i . d; 3 §;
Egi4j = Pi=%5PiT Eeisj = E Pi— 5 pPit g Eei6j = E Pi= %5 Pi= g
For the diagonal elements simpler expressions can be obtained introducing the quantities
E(pi + &) — 2E(pi) + E(pi — 8 E“
_ (pi +6i) 8(2171) + E(p; i) _ E(Z)(f)i) +252 4(Pt) 4 0(66)
, S o (A7)
_ EMi+38i/2) = 2E(p) + E(pi — 8i/2) — ED () + 2 5 (Pi) + 065
(8i/2)? 4 4
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to yield
4w

— w
Tl + 0(6)

There are two error sources affecting the numerical
computation ofH: round-off errors and data noise.

H;; = (A.8)

Modelling 165 (2003) 127-146

the fluctuating behaviour of the approximation when
the noise effect prevails angtends to rise again. If
the termination criterigEq. (A.10) had been in ef-
fect, the search would terminate at the first spike in
Fig. 123 as indicated by the arrow. Instead, the search
is extended into the round-off regioRi@. 128 where

Since the Hessian difference is a convex function, a the fluctuations of the sequence increases wigh
search algorithm can be designed to determine the best

choice oféy, k = 1,...,n,. This search is based on
the sequence of matricédl; = H,_1 — H; wherei

is an iteration counter. At each iteration the following
guantities are computed:

8 =8i-1+¢€
5,-,,;%, k=1.....n, AS)
SH;=H;_1— H;
ni = |16H ||
The search is terminated if
N <t OF 1 >ni-1 (A.10)

wherer is the prescribed tolerance. The choice of the
optimal increment in computing is now illustrated
using data obtained from the Monod model (18) with
noisy data ¢ = 0.01). A plot of the matrix difference

n; as a function of the incremery;, is depicted in
Fig. 12 where the termination criteriag. (A.10)has
been removed to show the whole co-domaimpin-
fluenced either by the round-off or the noise effects. In
fact, Fig. 12areveals the occurrences of round-off er-
rors along the downward path wherddag. 12bshows

x106
g Effect of @ |
10 [g round-off errors 1
gt
gt
7t Search should
6t stop here
n Ml
at
at
ot
1}

Fig.

12.

Appendix B. Definition of curvature

The termcurvature (Beale, 1960; Goldberg et al.,
1983; Seber and Wild, 1988orresponds to the second
derivative of the model output functions with respect

to parameters
[(dzf(x,-, p))}
p=p

dp,dps

The advantage of the second-order approximation
to the expectation surfac® at the pointp depends
on the relative magnitude of the quadratic tegpm—
p)TK(p — p) compared to the linear tergh(p — p).
Further, K can be decomposed into two orthogonal
components, one being the projection onto the tangent
planeK rand the othek y being normal to it, such that
K = K1 + Ky. This decomposition can be obtained
through the projection matrix

(B.1)

N A ATA AT

P=Jua nti (B.2)

to obtain

Ktr=PK and Ky=( - P)k (B.3)
X 10-5

Effect of
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Bates and Watts (198@Jso define two measures for
comparing each quadratic component with the linear
term

_le = Kr(p - Pl

= = and
1V (p = P)II?
— K — 5
Wy = ll(p f)) Kpr pll (B.4)
11T (p — P)II?

These two terms are called the parameter curva-
ture (tangent) and the intrinsic (normal) curvature,
respectively, along the direction ¢p — p).
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