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Abstract

A permutation 7 avoids the subpattern 7 iff @ has no subsequence having all the same
pairwise comparisons as 7, and we write 1 € S(tr). We examine the classes of permuta-
tions, S(321), S(321,3142) and S(4231,4132), enumerated, respectively by the famous Catalan,
Motzkin and Schroder number sequences. We determine their generating functions according to
their length, number of active sites and inversion number. We also find the average inversion
number for each class. Finally, we describe some bijections between these classes of permu-
tations and some classes of parallelogram polyominoes, from which we deduce some relations
between the parameters of Motzkin and Schroder permutations. (©) 2001 Elsevier Science B.V.
All rights reserved.
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1. Introduction

Permutations with forbidden subsequences have been widely studied by many au-
thors. A survey of the methods and results involved can be found in Gire’s [5], Guib-
ert’s [6] and West’s [9], Ph.D. theses. Knuth [7, p.238] proved that the first class,
S(321), is enumerated by Catalan numbers. Gire [5] and West [10] enumerated the
second class, S(321,3142), by means of generating trees. These trees allow us to de-
duce a recursive construction for every class. By translating each construction into
its corresponding generating function according to the length, number of active sites
and inversion number, we obtain a functional equation solvable by Bousquet—Mélou’s
lemma [2].
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Section 2 of this paper contains some definitions on permutations having forbidden
subsequences and, in Sections 3—5, we determine the generating functions of S(321),
S(321,3142) and S(4231,4132) permutations according to their length, number of ac-
tive sites and inversion number. In Section 6, we describe some bijections between:

e 5,(321) and parallelogram polyominoes having half-perimeter equal to n + 1,

e 5,(321,3142) and steep parallelogram polyominoes having half-perimeter
equal to n + 2,

e §,(4231,4132) and steep parallelogram polyominoes having height equal to » + 1.

From the last two bijections we get some relations between the parameters of
Motzkin and Schroder permutations.

2. Notations and definitions

A permutation 7 =7n(1)7(2)....n(n) on [n]={1,2,...,n} is a bijection between [n]
and [n]. Let S, be the set of permutations on [n].

Definition 2.1. A permutation © € S, contains a subsequence of type 7 € S; if a se-
quence of indexes 1 <iy(1) < iy2) < --- < i) <n exists such that n(i)) < n(i) <--- <
7(ix). We denote the set of permutations of S, not containing subsequences of type t©
by S,(7).

Definition 2.2. A barred permutation 7 of [k] is a permutation of S; having a bar over
one of its elements. Let 7 be the permutation on [k] obtained by unbarring 7, and 7
the permutation of [k — 1] made up of the £ — 1 unbarred elements of 7, rearranged to
be a permutation on [k — 1].

Example 2.1. If 7=41352 on [5], we have t =41352 and 7 = 3142.

Definition 2.3. A permutation 7 € S, contains a type 7 subsequence if 7 contains a
type 7 subsequence that, in turn, is not a type t subsequence. We denote by S,(7) the
set of permutations of S, not containing type T subsequences.

Example 2.2. Let 7=41352. The permutation 1=6145732 belongs to S7(7) because all
its subsequences of type 3142: (1), n(2), n(5),n(6)=6173, and n(1),n(2),n(5),n(7)=
6172 are subsequences of n(1),7n(2),n(3),n(5),n(6)=61473 and n(1),n(2),7(3), n(5),
7(7) = 61472, which are of type 7 =41352.

Definition 2.4. Let {7;,...,7,} be a set of barred or unbarred permutations. We denote
the set S,(71) N ---NSy(t,) by Su(t1,...,Tp).
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We call the family F={t,...,7,} a family of forbidden subsequences, the set S,(F)
a family of permutations avoiding the subsequences in F' and S(F)=J S,(F) a
class of permutations avoiding the subsequences in F.

n=1

Definition 2.5. A site for a permutation 7 = n(1)n(2)...7(n) € S, is a position lying
between two consecutive elements 7(i) and n(i + 1) for i € [1,n — 1], or to the left of
n(1), or to the right of n(n).

Definition 2.6. For every family F = {1,...,7,}, a site of a permutation = € S,(F)
is active if the insertion of n 4 1 in that site gives a permutation belonging to the set
S,1(F); otherwise it is said to be inactive.

Definition 2.7. Let = € S,. The pair (i,j), with i < j, is an inversion if ©(i) > n(j).
An element 7(i) is a right minimum if 7(i) < n(j), Vj € [i + 1,n].

A labelled tree is said to be a generating tree if it has the following property: any
two vertices v and w having the same label have the same number of sons, and the
multisets M (v) and M(w) formed by the labels of their sons are the same (see Fig. 1
for an example). Therefore, any generating tree can be built up by a recursive rewriting
rule consisting of

1. the label of the root
2. a set of succession rules explaining how to derive the number of sons and their
labels when the label of the father is known.

In the next sections, we examine the following permutation classes: S(321), S(321,
3142) and 5(4231,4132), enumerated by the famous sequences of Catalan, Motzkin
and Schroder numbers. For each class, we establish the active sites’ position (Lemmas
3.1, 4.1 and 5.1) and the recursive rewriting rule (Lemmas 3.2, 4.2 and 5.2), by
means of which we deduce the functional equations verified by the generating function
of each class. We find the generating functions according to the following parameters:
permutation length, number of active sites and inversion number.

3. Catalan permutations

Our enumerative results on Catalan permutations use the following two lemmas
which were proved by West [10]:

Lemma 3.1. Let © be a permutation of S,(321). If s is an active site of w, then each
site on its right is also active.

Lemma 3.2. Let k be the number of active sites of m € S(321), the generating tree
of Catalan permutations is isomorphic to the tree obtained by applying the following
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Fig. 1. The generating tree for Catalan permutations.
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recursive rewriting rule:

Root : (2)

Rule : (k) — (k+ 1)(2)...(k — 1)(k).
(see Fig. 1).

Let © € S(321), we denote: its length by n(n), the number of its active sites by
a(m), its inversion number by i(w). The generating function of S(321) permutations
according to the above-mentioned parameters is the following:

Clomg= 3 st
rES(321)
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Let us number the active sites of t=mn(1)...7n(n) from right to left in increasing order.

(1) 11Q2) ... Hn—a+1) = Mn—a+2) = - = On=1) o D)

Let 7/ be the permutation obtained from 7 by putting n + 1 into the kth active site;
the parameters change as follows:

o if k=1 then n(7')=n(n)+ 1, a(zr')=a(x)+ 1, (') =i(n);
o if 2<k<a(n) then n(n')=n(n)+ 1, a(n') =k, i(r)=i(x)+k — 1.
The translation of this construction in terms of generating functions gives the

following expression for the generating function of elements of S,(321) of length at
least 2.

a(m)

A z(n)Z(sq) fox 3 Mg

1 esaon) neS(321)

q

2y iS4 — (sq) ™!

q + sxC(s,x,9)
1 —sq

neS(321)

and, if we assume that s’x is the weight of the permutation having length one,
we have:

Proposition 3.3. The generating function of S(321) permutations, C(s,x,q), satisfies
the following functional equation:

2x s’xq sx
C 1 -——C .
(s,x,9) = -t 0 —s0)(1 —s9) C(l,x,q) 1 =01 —s9) (s¢,x.9)
By Bousquet-M¢élou’s lemma [2], we have:
Theorem 3.4. The generating function C(s,x,q) is given by
Ji(s)Jo(1) = J1(1)Jo(s) + Ji(1)

C(s,x,q) = 7o) . (3.0.1)

where
)nsn+2xn+1q[(n+l)(n+2)]/2

Jo(s,x,q)=1— Z Sl

n=0

(XS, CI)n+1(Sq, Q)nJrl

1 )nsn+2xn+lq[n(n+3)]/2 .

Jl(S’stI) = Z (_

n=0

(x5, @ )n+1(5¢, @ )n
_ 17! k
and (a,q), = k=0 (1 —aq").

In the sequel, we denote the generical function F(1,x, y,q) by F(x, y,q).
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By putting s = 1, the expression 3.0.1 becomes simpler:

ZHZO(_ 1 )11x11+1q[n(n+3)]/2/(x, q)n+1 (qa q)n .
D s o(—1yxngl V2 /(x, 4)u(q,. gD

moreover, by means of some computations, we obtain:

Clx,q) =

Lemma 3.5. The functions Jy(x,q) and J\(x,q) satisfy the following equations:
xJo(xq,q) = (1 — x)Ji(x, ),

xqJ1(xq,q) = (1 — x)((Jo(xq,q) — Jo(x,q)) — qJ1(x,q)).

From Theorem 3.4 and Lemma 3.5, we deduce that

xqC(x,q)C(xq,q) = (1 —x —xq)C(x,q) — x. (3.0.2)
If we put ¢ =1:
1 —2x — 1 —4x
Cx)= - =) Cx"— 1.

n=0

Therefore, we find the result of Knuth [7, p. 238]:

Proposition 3.6. The generating function C(x) is the Catalan numbers generating
function and so |S,(321)| = C, = [1/(n + 1)] (2)

Let us now determine the average inversion number /, of Catalan permutations of
length n:

_ [¥"1(9/09)C(x, ) 14=1

e [x"]1C(x)
By setting 1(x) = (9/0q)C(x,q)j4=1, from Eq. (3.0.2), we obtain

xC*(x) + xI(x)C(x) +xC(x)a—an(xq,q)‘q:1 = —xC(x) + (1 — 2x)I(x).
Hence,
() — 1 —+1—4x—2x
)= =0
and so:

Proposition 3.7. The average inversion number of Catalan permutations of length
nis

I

= gnm + o(n).

Notice that a random permutation of length n has n(n — 1)/4 inversions.
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4. Motzkin permutations

In order to extend the enumerative results obtained by Gire and West on Motzkin
permutations let us recall the following two lemmas [10].

Lemma 4.1. Let © be a permutation of S,(321,3142). If s is an active site of ., then
each site to its right is active too.

Lemma 4.2. Let k be the number of active sites of n € S(321,3142), then the gen-
erating tree of Motzkin permutations is isomorphic to the tree obtained by applying
the following recursive rewriting rule:

Root : (2),
Rule: (k) = (k+1)(1)...(k —=2)k—1).

In this case, the parameter which counts the permutation length is divided into two
parts: if 7 € S(321,3142), we denote: its length by m(n) + /(n), where I(n) is the
number of its right minima. Moreover, we denote the number of active sites of =«
by a(n) and its inversion number by i(w). The generating function of S(321,3142)
permutations according to the above-mentioned parameters is the following:

M(s,x, y,q) = Z S ) 1) i)
n€S(321,3142)

Let 7 € S,(321,3142). We number the active sites of 7 from right to left in increasing
order. Let 7’ be the permutation obtained from 7 by putting #n + 1 into the kth active
site; the parameters change as follows:

o if k=1 then m(n')=m(n), (7')=I(n)+ 1, a(z')=a(n) + 1, i(x") = i(n),
o if 2<k<a(n) then m(n')=m(n)+1, I(z')=I(n), a(r)=k—1, i(x)=i(n)+k—1.

If we assume that s?y is the weight of the permutation of length one, by proceeding
as in the first example, we obtain

2

sy sxq
M = M(1
(8,%, .9) =5y T 0 =sp)1—sy) (Lx, y.q)
X
M(sq,x,y,q).

(1 —sq)(1—5y)
Theorem 4.3. The generating function M(s,x, y,q) is given by

J1(s)Jo(1) — Ji(1)Jo(s) + Ji(1)
Jo(1) ’

M(s,x,y,q) =
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where

JO(Ssxsyaq) =1- quz (Sq

n=0

(—1)x'g"
D165V, Pyt

(_ 1 )nan2n

Jl(s,x,y,q):szy -
Z (59, @)n(SY, @n+1

n=0

By setting s = 1, from Theorem 4.3 we obtain

y ano [(_ 1 )nanZn]/[(q’ q)n(y: q)n+1] .
> ns0 (=1x"q"1/1(g: @)n( > @)n]

moreover, it yields the following lemma.

M(x,y,q9) =

Lemma 4.4. The functions Jy(x, y,q) and J\(x, y,q) satisfy the following equations:

Ji(x, »,9) — ¥i(xq, y,q) = yJo(xq, y.q),

Jo(xq, y,q) — Jo(x, ¥, q) = xq(Jo(x, ,q) + J1(x, ¥,q))-

We now obtain
xygM(x, y,q)M(xq, y,q) + y(1 +xq)M (xq, y,q) =(1 —xyq)M(x, y,q) — y(1 +xq)

and, forg=1,y =x:

l—x—2x*—V-3x2 -2 1
x —2x 3x X + :Z]an"—l-

M(1,x,x,1)= )
X

n=0

Therefore, we obtain West’s result [10].

Proposition 4.5. The generating function M(x) is the Motzkin numbers generating

lnj2) [ 7

function and so |S,(321,3142)| =M, =0 2k) Ci, where Cy is the kth Catalan

number.

By putting ¢ =1 and x = 1, we obtain the Schroder number generating function:
l—y—+/1-6 2
M1,y 1)=—2 rrY
2y

Therefore, we deduce the following nice result:

Proposition 4.6. The number of Motzkin permutations having n right minima is equal

to (n+ 1)th Schroder number, that is R, = Z:o (n;;{k) Cy, where Cy is the kth

Catalan number.
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In the last section, we give a combinatorial proof of this proposition. By proceeding
as in the previous section, we can deduce:

Proposition 4.7. The average inversion number of Motzkin permutations of length

1
I, = 3\/?3/2 + o(n).

5. Schroder permutations

nis

We have similar results as for Catalan and Motzkin permutations:

Lemma 5.1. Let n be a permutation of S,(4231,4132). If s is an active site of T,
then each site to its right is also active.

Proof. Let s be an active site of 7= and let ¢ be a site to its right. If the insertion of
n+ 1 in ¢ produces a subsequence n + 1,i,j,k of 4231 type or n+ 1,k,j,i of 4132
type, then the insertion of n + 1 in s produces the same subsequence. Therefore, s is
not active. [J

Moreover, in [10] West proves:

Lemma 5.2. Let k be the number of active sites of m € S(4231,4132), then the gen-
erating tree of Schroder permutations is isomorphic to the tree obtained by applying
the following recursive rewriting rule:

Root : (2)
Rule: (k) — (k+ 1)3)...(k)(k+ 1).

Let m € S(4231,4132), we denote: its length by n(n), the number of its active sites
by a(m), and its inversion number by i(n). The generating function of S(4231,4132)
permutations according to the above-mentioned parameters is the following:

S(Sa X, Q) = Z sa(n)x’l(ﬂ)qi(n).
nES(4231,4132)

Let us number the active sites of m=mn(1)...n(n) from right to left in increasing order,
and let 7’ be the permutation obtained from 7 by putting n+ 1 into the ith active site.
The parameters change in the following way:

e if i=1 then n(n')=n(n)+ 1, a(r’') =a(n) + 1, and i(7') = i(n);
o if 2<i<a(n) then n(7x’)=n(n)+ 1, a(r’) =i+ 1, and i(x')=i(n) +i— 1.
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The construction allows us to obtain the permutations n € S(4231,4132) such that
n(m) > 1, and if we assume that s’x is the weight of the permutation having length
one, we obtain

s2x s2x

S(SaxaQ): 1 [SqS(lnx)q) _S(Sq’xaq)]'

— sx * (I —sx)(1 —sq)

Theorem 5.3. The generating function S(s,x,q) is given by:

_ Si(s)do(1) = i(1)Jo(s) +Ji(1)

S(s.x.q) 70 :

where

Jis) =) (=1

n=0

xn+ls2(n+l )qn(n+1)

(5%, Qnr1(54,9)n

Kt 1g2n+3 q(n+1 )

(5%, @Qn1(54, @ns1

Jo(s)=1- (=1

n=0

From Theorem 5.3, we immediately deduce the generating function of S(4231,4132)
permutations according to their length and number of active sites:

Zn>0 (_l)n(anrlqn(nJrl))/[(x’ Q)nJrl(qs q)n]
PO G DU CL L Y (CADMCA) M I

After some computations we obtain:

S(x,q) =

Lemma 5.4. The functions Jy(x,q) and J\(x,q) satisfy the following equations:
xJo(xq,q) = (1 = x)Ji(x, ),
xJi(xq,q) = (1 = x)[(1 — x)J1(x,q) — xJo(x,q)].

We can now write
S(x,q) = x +x8(x,9) + S(xq,9)S(x, 9)

and, for g = 1:

—Vx2—6x+1 ;
) :ZR,,_lx .

n=1

1 —
S(Lx,1)=-—>
Consequently, we have [10]:

Theorem 5.5. The generating function S(x) is the Schroder number generating

unction; therefore, |S,(4231,4132)| =R, = ”;1 Atk—1 Cy, where Cy is the
k=0 2k

kth Catalan number.
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Moreover:

Proposition 5.6. The generating function S(x,q) satisfies:

S(x,q) = al

I —x—xq/(1 —xq—#)'

By proceeding as in the previous section, we obtain:

Proposition 5.7. The average inversion number of Schrider permutations of length n
s

T

I, = 2 + o(n).
Wi (n)

6. Permutations and polyominoes

Before giving some definitions concerning polyominoes, we wish to clarify our aim
in this section.

We examine some subclasses of polyominoes whose generating trees are in bijection
with the permutation trees studied in the previous section and describe both the corre-
spondence between their constructions and, when possible, some of their parameters.

Let us consider the plane IT =7 x Z. A cell is a unit square in I1, a polyomino is
a finite connected union of cells having no cut point. Polyominoes are defined up to a
translation. A column (row) of a polyomino is the intersection between the polyomino
and an infinite vertical (horizontal) strip of cells. The area of a polyomino is the
number of its cells, the height (width) is the numbers of non empty rows (columns),
respectively, and its perimeter is the length of its border. For a survey on polyomino
enumeration, see [3,8].

We particularly deal with parallelogram polyominoes [1,4] (see Fig. 2).

Definition 6.1. A parallelogram polyomino is defined by two nonintersecting paths
(their origin and extremity are the only intersection points) and only having north and
east steps.

—]

L]

Fig. 2. A parallelogram polyomino.
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[
[
I
{
|

(0] (2)

Fig. 3. The construction of parallelogram polyominoes.

6.1. Polyominoes and Catalan permutations

We denote the set of parallelogram polyominoes having half-perimeter n by P,. Let
us represent a generic parallelogram polyomino P € P, of width m as follow:

P = {(Ciadi)a i= 19 :m}a

where ¢; is the height of the ith column and d; is the number of cells in the ith column
having no adjacent cell on their right (d,, is always equal to ¢,,).

The two operations that allow us to obtain all the polyominoes in P, from the
ones in P, are the following:

1. add a cell onto the last column, then P’ = {(c1,d}),(c2,d2), ... ,(cm + L,dw + 1)};
2. add a column having height # € [1,...,¢,] to the right of the last column; conse-
quently:

Pl = {(c]adl)a (62>d2)a"')(cm)d;/n)a (cm+ladm+1): Cm+1 = ha d;q = dm - h},
(see Fig. 3).

Definition 6.2. A cell is said to be right-joined when it has an adjacent cell on its
right.

We denote n(P) the width of P, I(P) its height, a(P) its last column height, and
f(P), the number of right-joined cells of P (Fig. 4).

Let us observe how these parameters change when we apply the above two opera-
tions:

1. n(P")=n(P), (P")=I(P)+1, a(P')=a(P)+ 1, f(P')= f(P);
2. n(P)=n(P)+ 1, (P"Y=I(P), a(P'y=h, f(P')= f(P)+h, for h=1,...,a(P).

The correspondence between these parameters and those of Catalan permutations is
now clear: the half-perimeter is the length minus one, the height of the last column is
the number of the active sites minus one, and the number of right-joined cells coincides
with the inversion number.
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Fig. 4. The right-joined cells of a parallelogram polyomino.

6.2. Polyominoes, Motzkin and Schrider permutations

Definition 6.3. A lower steep parallelogram polyomino is a parallelogram polyomino
whose south border has no consecutive horizontal steps.

In this section we show two bijections between:

e 5,(321,3142) and the steep parallelogram polyominoes having half-perimeter equal
ton+2,
e 5,(4231,4132) and the steep parallelogram polyominoes having height equal to n+1.

From these bijections we deduce some relations among the parameters of Motzkin
and Schroder permutations.

We denote by PP, the set of steep parallelogram polyominoes of half-perimeter n.
The two operations that allow us to obtain all the polyominoes in PP,;; from the ones
in PP, are the following:

1. add a cell onto the last column; therefore, P'={(c|,d1),(c2,d2),...,(cm+1,dn+1)};
2. add a column of height 4 € [1,...,c,, — 1] to the right of the last column; conse-
quently:

P/ = {(cladl )9 (CZadz)a LR (cmyd:n )9 (cm+ladm+1 ): Cmt1 = ha d:n = dm - h}

We denote n(P) the width of P, /(P) its height, a(P) the height of its last column
and, f(P), the number of right-joined cells of P.
When we apply the above two operations, these parameters change as follows:

1. n(P")=n(P), (P")=I(P)+1, a(P')=a(P)+ 1, f(P')= f(P);
2. n(P)=n(P)+1, I(P"Y=I(P), a(P')=h, f(P')=f(P)+h, for h=1,...,a(P)— 1.

The correspondence between these parameters and those of Motzkin permutations is
now obvious: the half-perimeter is the length minus two, the height of the last column
is the number of the active sites, the height is the number of right minima plus one,
and the number of right-joined cells coincides with the inversion number.

Let us now denote the set of steep parallegram polyominoes having an n height by
HP,. The two operations that allow us to obtain all the polyominoes in HP,.; from
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O
|

(6] @

Fig. 5. The construction of steep parallelogram polyominoes according to the height.

the ones in HP, are the following:

1. add a cell under the first column; therefore, P'={(c1+1,d+1),(c2,d2), ..., (Cm,dm)};
2. add a column of height /2 € [2,...,c;+1] to the left of the first column; consequently:

Pl = {(C;> ll)a (Céadé),uw(dn,d/m), (C;/frl+lad:11+1)}a

where ¢; =h, dj =1, and ¢/ =c¢;_y, di=d;_y, for i=2,....m+ 1.

(see Fig. 5). We denote a;(P), the height of the first column of P. When we apply
the above two operations, these parameters change as follows:

L. n(P")=n(P), (P")=1P)+ 1, ai(P")=a1(P)+ 1, f(P")= f(P);
2. n(P=n(P)+1, (P)=I(P)+1, a\(P")=h, f(P")=f(P)+h—1, for h=2,...,ai(P).

The correspondence between these parameters and those of Schréder permutations is
now obvious: the height is the length, the height of the first column is the number of
the active sites minus one, the number of right-joined cells coincides with the inversion
number.

Consequently, we obtain the following relations among the parameters of Motzkin
and Schroder permutations.

Proposition 6.4. The number of S(4231,4132) permutations, that is Schroder permu-
tations, having length n+ 1, and k inversions is equal to the number of S(321,3142)
permutations, that is Motzkin permutations, having n right minima and k inversions.

We wish to point out that this proposition extends the result of Proposition 4.6.
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